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Abstract

This dissertation is an attempt to analyze the heat and mass transfer in New-

tonian and non-Newtonian nanofluids flowing in different physical channels and

sheets. The non-Newtonian nanofluid models of micropolar fluids are employed to

highlight the thermal transportation in such fluids. Single phase nanofluid model;

Tiwari-Das and Buongiorno nanofluid models are used in the study. Water is used

as the base fluid in single phase models and the nanoparticles used are Cu and

Al2O3. Magnetic field is used to influence the nanofluid flow and its impact on

the heat transfer is observed. The application of magnetic field prompts Joule

heating effect which is added to the mathematical modeling of the models. Also

viscous dissipation effect is considered in all the three problems to find out the

internal heat generated during the movement of the fluid. An additional equation

of angular momentum is used to observe the impact of microstructures present in

the micropolar fluid. The Maxwell equations of electromagnetism are included to

tackle the induced magnetic field effects. Other aspects of the study involve con-

vective boundary conditions and the induced magnetic field effects. The governing

equations of mathematical models are nondimensionalized into the ordinary dif-

ferential equations by applying suitable similarity transformations. The system of

ordinary equations are then solved by a valuable finite difference scheme called the

Keller box method.The Matlab code for Keller box method is developed and its

verification is done by reproducing the work already published in different jour-

nals. The numerical results are analyzed by variation in important parameters

using line, 3D graphs and tables of numerical values.

It is observed that an increase in the volume fraction of nanoparticles decreases

the temperature of the nanofluid flowing between two parallel plates with upper

plate moving vertically and lower plate stretching horizontally. Greater Brownian

motion of the nanoparticles rises the temperature but decreases the concentration

of the nanofluids, in a flow of micropolar nanofluid pertaining over a stretching

sheet. However for a flow of micropolar nanofluid between parallel plates, the

linear as well as the angular velocity of the nanofluid diminishes with a rise in the



x

rotational viscosity parameter.

Key Words:

Nanofluids, Tiwari-Das and Buongiorno nanofluid models, viscous dissipation,

magnetohydrodynamics, parallel plates, Keller box method.
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Tw temperature on lower plate (K)

Th temperature on upper plate ( K)

U dimensionless velocity

Uw characterized velocity

V velocity of fluid (m/sec)

Vh velocity of upper plate (m/sec)

V0 suction velocity (m/sec)

Y dimensionless variable



Chapter 1

Introduction

In this chapter, we have expounded different basic terms relevant to this thesis,

following the motivation implications of advent of nanofluids on the industry and

other disciplines. A discussion on the experimental and mathematical approach

of the nanofluid models is also presented. Some single and two phase models

of the nanofluids are discussed. The role of magnetohydrodynamics (MHD) in

heat transfer enhancement is explained. The non-Newtonian fluids’ importance

is elaborated in detail in the chapter. The importance of boundary layer theory

and the heat transfer in it is narrated as well. The chapter is concluded with an

explanation of the objectives and deliberation of the structure of the thesis.

1.1 Motivation

Enhancing the rate of heat transfer in the mechanical processes has always been

considered as a big deal. As it is very important for the whole system that heat

radiates rapidly into the space as soon as it is generated to safeguard the system,

several methods, like application of heat sinks, use of conventional fluids like oil,

ethylene glycol and water are used to make the system cool.

In the present work rate of heat transfer is discussed which is the need of time

and is of great deal of importance. Three different articles are presented in this

1



Introduction 2

dissertation to discuss the transfer of heat exchange in micropolar and nano flu-

ids. Different results are presented for radiating the heat from the system which

justifies the impotence of present work. Many experiments have been performed

and these experiments reveal that higher thermal conductivity of the solids make

them feasible for addition to such fluids. Solids are scaled down to nano scale to

construct a class of heat transfer fluids called the nanofluids. With the advent of

nanofluids in the 1995, nanofluids have revolutionized the heat exchange rate of

the system.

1.2 Advent of Nanofluids

The idea of adding the solid particles to the liquids is very old. It was Maxwell who

first introduced this idea in 1881. He added micro/millimeter sized particles in the

base fluids in order to enhance the capability of the base fluids. Since those solid

particles were large in size so they settled down at the bottom of the container

and caused clogging, erosion, high pressure drop and sedimentation, hence the

idea failed.

The idea could only be implemented if the size of solid particles was to be smaller

than the micrometer size. Work started on development of the nanosized particles

of the heat conducting solid elements in the industry. Many researchers used

nanoparticles of the solid metals to produce the fluids with nanosized particles of

the metals.

In 1993, Masuda et al. [1] measured the thermal conductivity and viscosity of the

water based suspension of Al2O3, SiO2 and TiO2 nanoparticles. It is found that

the thermal conductivity as well as the viscosity of the water increases with the

addition of these three type of nanoparticles. In 1995, Choi et al. [2] performed an

experiment in the Argonne laboratory and prepared such fluids by mixing copper

nanoparticles to water and named it as nanofluids. It was the Choi who first called

these fluids as nanofluids. After the manufacturing of nanofluids, many researches

have been performed on these type of fluids with the focus on swift cooling in the
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industry.

1.3 Experimental Verses Mathematical Approach

for Nanofluids

Experimentally nanofluids are prepared in the laboratory. Nanofluids can be pre-

pared by two different methods [3]. One of them is called single while the other

is two-step method. In single step method direct evaporation technique is used

on the nanofluid to disperse the metal nanoparticles. Under vacuum conditions

vaporization of the source metal is taking place. In two step method first of all in

the presence of inert gas or chemical deposition is used to produce the nanotubes

or nanoparticles as the dry powder. Then in the second step the dry nanoparticles

are mixed in the base fluid. To minimize the accumulation of particles surfactants

are added or ultrasonic techniques are used.

Peyghambarzadeh et al. [4] performed the experimental work on the car radiator

in order to investigate the cooling effect of Fe2O3 and CuO nanofluids as compared

with the conventional fluids like water and they found that the thermal conduc-

tivity enhances with the use of these fluids. In the formation of the nanofluids

they did not use any kind of surfactants and in order to make the fluids stable

they keep the PH of the fluids constant at 11.1 and 10.1 respectively. Under the

laminar flow regime, Naraki et al. [5] did the experimentation on CuO–water and

found that the thermal heat conductivity was enhanced. In order to obtain a

stable nanofluid, a Surfactant was used. The highest stability was achieved with

0.2 wt% sodium dodecyl sulfonate and 10.1 PH among all the prepared solutions.

Due to a decrease in the specific heat of fluid, the heat transfer coefficient was

decreased. An experimental study was performed on a car radiator to enhance the

heat transfer rate by Ali et al. [6, 7] using MgO–water and ZnO–water nanofluids.

Surfactant was added to the nanofluids with a ratio of 1 : 5 of particles in order to

maintain their stability. Till the optimum value of flow rate is reached, the heat

transfer rate increases beyond which stickiness of the particles with wall made the
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heat transfer rate decreased.

Elias et al. [8] studied the physical and thermal properties of nanofluids having

Al2O3 nanopaticles mixed in a mixture of 50 : 50 ethylene glycol and water. Due

to an increase in the Brownian motion of the particles, the thermal conductivity

was increased. A rise in the number of the nanoparticles lead to a higher thermal

conductivity, density and viscosity of the nanofluid. Tomar and Tripathi [9] stud-

ied the impact of a mixture of water-ethylene glycol (50 : 50) with nanoparticles

Al2O3 and found that with an increase in the volume concentration, fluid circu-

lation required more power for pumping due to higher density. Ebrahimi et al.

[10] studied the enhancement of the heat transfer in car radiator when nanofluid

of SiO2–water was used. They concluded that an augmentation in the number

of nanoparticles, Reynolds number and the inlet fluid temperature the value of

Nusselt number is enhanced.

Many theoretical studies have been made on nanofluids after its development.

Many researchers have written a very big number of articles on nanofluids. Mehryan

et al. [11] observed the micropolar nanofluid flow under the effect of natural con-

vection with porous media. By solving the problem numerically with the Galerkin

finite element method, conclusion was made that an increment in the rotation of

micro particles was observed due to an upsurge in the Darcy-Rayleigh number.

Hussanan et al. [12] analyzed five different oxides, those of copper, titanium, alu-

minum, iron and graphene, added in three different types of base fluids, engine

oil, kerosene and water and concluded that the temperature of Go-water nanofluid

is higher than the oxide nanoparticle based nanofluids and Go-engine oil or Go-

kerosene. Hashemi et al. [13] pondered on the Cu–micropolar nanofluid with hot

porous medium. Darcy model was considered to observe the macroscopic flow and

the Galerkin method with non-uniform mesh was used to solve the problem. The

conclusion of investigation was that with a hike in the Darcy number, there is a

decline in the strength of the fluid flow.

Hsiao [14] observed the repercussion of viscous dissipation and magnetic field upon

the micropolar nanofluid flowing on a stretching sheet. He came up with the
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conclusion that by increasing the magnetic parameter, heat transfer rate and flow

velocity decreases whereas the temperature, concentration and the couple stress

at surface tend to increase. Mehmood et al. [15] observed the effects of Lorentz

forces on mixed convection in lid–driven square cavity filled with Al2O3 − H2O

nanofluid. Hussain et al. [16] computationally examined flow properties of water–

alumina nanofluid considering the inclined magnetic field effect in a square cavity.

For further reading of similar nature, [17–22] can be consulted.

Xuan and Li [23] used the nano-particles of copper to measure the thermal conduc-

tivity of the nanofluid by using the hot wire apparatus. Some parameters like the

volume fraction and the shape of the particles were discussed and concluded that

the size, shape and volume fraction of the nanoparticles affect the heat transfer

rate. Sekhar et al. [24], under the constant heat flux at boundary, investigated

the heat transfer rate of the fluid in the horizontal circular pipe under the low

Reynolds number. The effects of different concentrations of Al2O3 on the heat

transfer rate of the nanofluid were observed. Due to the increasing concentration

of the nanoparticles, the heat transfer rate was observed to increase.

Albadr et al. [25], experimentally studied the heat rate effect of Al2O3 nanofluid

for different concentrations of the nanoparticles in a horizontal shell under the

turbulent flow conditions. It was observed that by keeping the inlet temperature

and flow rate fixed, the heat transfer rate of the nanofluid is much greater than

that of the base fluid. Dharmalingam et al. [26], experimentally and mathemat-

ically studied the heat transfer of the nanofluids and their physical and chemical

properties and found that the heat transfer rate of the nanofluids is much greater

than the ordinary fluids.

Raju et al. [27] observed the heat and mass transfer rate of magneto-nanofluids

over a rotating cone with the heat source and temperature difference viscosity.

Two types of nanofluids were taken under consideration with titanium and Ti–

alloy as nanoparticles and Ti–water nanofluid was noticed to have less heat transfer

rate as compared with that of the Ti–alloy-water nanofluid. Moreover, the fluid

particle interaction was observed to be greater in Ti–water as compared with that
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in the Ti–alloy-water. The importance of the nanofluids is discussed in [28–32].

1.4 Single Verses Two Phase Nanofluid Models

Immanently, a nanofluid is a two-phase fluid. After taking some suitable assump-

tions like thermal balance and velocity, of the nanoparticles and the base fluid

as same, we can consider it as a single-phase or homogeneous solution. As the

nanofluid is a suspension of nano-particles in the base fluid, so we can consider

that the nano-particles are dispersed in the base fluid homogeneously. Constitu-

tive equations of continuity, momentum and enthalpy used for the conventional

fluids can also be utilized in the nanofluids. In the single-phase case, we can only

find the thermophysical properties (mass, volume and density) of the nanofluids

[33]. When we consider a nanofluid in the single-phase model, it would have some

limitations.

For example, when the Nusselt number is calculated by single-phase model, it

has less values as compared with the values calculated in the two-phase models

[33]. The ground basis for this may be the factors like gravity, Brownian motion,

solid/liquid interface and friction forces. Ding and Wen [34] studied a theoretical

model for the migration of a particle in the suspension of nanofluid due to shear

rate, viscosity and Brownian motion. Hence, the authors were of the opinion that

single-phase models of nanofluids cannot always be considered. Therefore, consid-

ering the chaotic movement of nanoparticles and selecting suitable thermophysical

properties to some extent have limitations.

The slip mechanism like, gravity, Brownian motion, fluid friction and thermophore-

sis makes a nanofluid as two-phase fluid. Hence a solid-liquid two-phase general

theory can be employed to these fluids. In this model, base fluid and nanoparticles

are assumed to have different temperatures and velocities. The results drawn by

two phase theory are more accurate to those obtained from single-phase models

[35]. In comparison with the single-phase model, the two phase models have a

high computational cost. Lagrangian-Eulerian and Eulerian-Eulerian are the dif–
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ferent approaches for the two-phase models [36]. Fluid is assumed to obey the

continuum theory so that the time average form of the Navier-Stokes equations

can be used while the solid particles are accommodated using Lagrangian frame

in Lagrangian-Eulerian model. Moreover, correlation between the base fluid and

nanoparticles are added to energy and momentum equations. Eulerian-Eulerian

model is an alternative branch of two-phase models. Since nanofluid contains a

large number of ultrafine particles, so this model is recommended.

In many studies of the nanofluids a single-phase model is employed. It is found that

the results obtained by single-phase model has errors. These errors can be removed

by using the temperature dependent thermo-physical properties. Buongiorno and

thermal dispersion models which are preffered due to their low computational cost.

1.5 Role of Magnetohydrodynamics in Heat Trans-

fer Enhancement

When a magnetic field is applied outside a system on electrically conducting fluid,

it reduces the velocity of flow and hence the temperature of system increases.

Electrically conducting fluid subjected to the magnetic field, experiences a force

that results in a current generation in the fluid. This is known as magnetohydro-

dynamics (MHD). Its applications can be seen in astrophysics, geophysics [37–44]

and many other industrial processes such as magnetohydrodynamic generators,

pumps, bearings etc. Mabood et al. [45] investigated the boundary layer flow

with thermal radiation and Lorentz forces over an exponentially stretched sheet.

In this study, they observed the effects of magnetic and radiation parameters on

the flow field. It was observed that as the magnetic field gets stronger, tempera-

ture is increased inside the boundary layer and the velocity is reduced. Rashidi et

al. [46] analyzed the effect of MHD on the entropy generation of Newtonian fluid

passed over a stretching surface. They used OHAM to solve the mathematical

model analytically. The study revealed that with an augmentation in the Hart-

mann number, the velocity is reduced while temperature and entropy of system



Introduction 8

are increased. Rapits [47] discussed the MHD driven viscous and incompressible

fluid flow over a porous sheet and observed the effects of the thermal radiation.

Conclusion states that with a stronger magnetic field, the velocity of the fluid is

decreased.

Kandasamy et al. [48] studied the MHD influenced nanofluid past over a vertical

sheet. They concluded that the temperature as well as the concentration profile

decreases with a rise in the thermal and solutal stratification. Reddy et al. [32]

discussed the Williamson nanofluid flowing over a nonuniform thick stretching

sheet under the influence of MHD. Furthermore, the thermal conductivity of the

fluid was not uniform. The spectral quasi–linearisation method was employed

to solve the ODEs. One of the conclusions declares that the temperature and

nanoparticle volume fraction increase and the velocity declines for greater magnetic

number. Öztop et al. [49] inspected the effects of MHD on nanofluid filled lid-

driven cavity with wavy walls and partial heating. Finite volume method was

employed to find solution of the problem. The results concluded that due to a

decrease in the nanoparticles as well as the Hartmann number, the heat transfer

rate through the fluid is decreased.

1.6 Non-Newtonian Fluids

Fluids are mainly classified as Newtonian and non-Newtonian. In Newtonian

fluids, shear stress (the force per unit area applied to fluid) is linearly related to

shear rate (also called the deformation rate) but in case of non-Newtonian flow this

linear relationship does not hold. Most of the suspensions, mixtures, surfactants,

solution of polymer materials are of the non-Newtonian in nature, used in our

daily life. In industries like paints, chemicals, food products and manufacturing of

plastic goods, the application of heat exchange characteristics can be observed. In

industry, laminar flow for non-Newtonian fluids is observed because of their high

viscosity. For a thorough and complete analysis of the non-Newtonian fluids and

their properties, the interested readers are referred to Skelland [50].
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1.7 Heat Transfer in Boundary Layer Flow

At the solid-liquid interface, a thin layer of fluid is formed due to the viscous

effects which is called the boundary layer. Flow is laminar in the upstream and it

becomes turbulent in the down stream. If there is a temperature gradient present

between the surface and the fluid, then there will be boundary layers of velocity

and temperature. In 1905, Prandtl [51] was the one who introduced the concept

of this layer for the first time. When the fluid moves along the solid surface, some

of its part is stuck along the surface due to the viscosity in the vicinity of the

surface. As compared with the length of the surface, these viscous layers are very

thin for the greater value of the Reynolds number from the initial edge.

1.8 Objective of the Thesis

The dilemma of the heat transfer processes has been the finding of the best way

to remove heat from the system efficiently. Although there has been a substantial

work already done in this field but the search for a more effective nanofluid has

not stopped.

The main aim of this thesis is to enhance the established research in the field of

the computational heat transfer in nanofluids. This objective is scrutinized with

the help of the use of single phase models of nanofluids.

Besides this another objective was to observe the role of microstructures on the

heat transfer rate and the skin friction coefficient of the nanofluids at the surface.

Many non-Newtonian fluids used in industries obey the power law model. In one of

the study carried out in the thesis, the spin gradient viscosity model of micropolar

power law fluid is pondered upon numerically. A subsidiary objective is to test

and compare different nanoparticles with different base fluids to try to hunt down

the best possible nanofluid mixture in a particular engineering situation. The core

objective is to pave the way for future researches in the search of finding better

heat transfer exponents in the field of heat transfer through nanofluids.
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1.9 Chapter–wise Breakdown of Thesis

In the Chapter 2, some basic terms like heat transfer, nanofluids, applications

of nanofluids, boundary layer flow and objectives of the thesis are explained and

discussed.

Numerical study utilizing the second law of thermodynamics on the squeezing

magnetohydrodynamics flow using Cattaneo–Christov theory is pondered upon

in the Chapter 3. The heat transfer in a fluid squeezed between two plates

is described with the help of Cattaneo–Christov theory in the presence of the

magnetic field. In addition to this, entropy is also discussed by neglecting the

time relaxation effect. A detailed discussion on the results is presented. Contents

of this chapter are published in AIP Advances, vol. 8, no. 5, p. 055201, 2018.

In the Chapter 4, micropolar nanofluids with power-law spin gradient viscosity

model is interpreted. Micropolar fluid with nanoparticles with the spine gradient

viscosity is considered. The governing system of PDEs, obtained after application

of similarity transformations of ODEs, are solved by using the Keller box method.

Discussion on the useful results is done and conclusions are made a part of the

chapter at the end. The contents of this chapter are published in the Canadian

Journal of Physics vol. 98, no. 1, p. 16–27, 2020.

Chapter 5 comprises of an investigation of free convection in micropolar nanofluid

with induced magnetic field Micropolar nanofluid is considered under the effect of

the magnetic field. The induced magnetic field is also dealt within this chapter.

After solving the system a set of PDEs is obtained, which is then converted into

ODEs after applying the resemblance transformations. These ODEs are solved by

using the Keller box method and conclusions are made at the end of the chapter.

The contents of this chapter are published in The European Physical Journal Plus,

vol. 134, no. 5, p. 235, 2019.

The complete summary of this thesis is discussed in Chapter 6.



Chapter 2

Preliminaries and Solution

Methodology

In this chapter, some of the basic terminologies of fluid dynamics and solution

methodology are discussed. The Keller-box method, in particular, is explained

with the help of an example.

2.1 Fluid

A substance which is unable to resist the tangential stress, and continuously de-

forms, no matter how small the shear stress may be, is called a fluid. Greater the

viscosity of the fluid, larger the stress required to deform the fluid. There are fluids

for which the viscosity is zero. Such fluids are called ideal or inviscid fluids. All

real fluids exhibit viscosity. Many fluids show negligible viscosity effects in many

engineering applications and can be considered as inviscid fluids. The magnitude

of resistance to this gradual deformation is characterized by the fluid viscosity

which relates the velocity gradient to the shear stress by a linear relationship of

the form

τ = µf
du

dy
, (2.1)

11
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where, τ is the stress tensor which is different for different fluids,
du

dy
is known as

the gradient, and µf represents the plastic dynamic viscosity of the fluid.

The expression given in equation (2.1) is known as Newton’s law of viscosity for

the incompressible fluids. The fluids that follow the law expressed by equation

(2.1), are known as Newtonian fluids such as air, oil, water etc. There are many

mathematical models in which the Newtonian fluids are taken into account due to

their physical properties. There exists a class of materials which have a complex

structure, so they don’t obey the Newton’s law, rather they obey the power-law,

that is

τ = k

(
du

dy

)n
. (2.2)

Examples of such materials are polymer solutions, greases and certain oils, solid

suspensions, synthetic fibers, plastic, soap and detergents, certain biological and

pharmaceutical fluids. Here in equation (2.2), k denotes the flow consistency, n

is the flow behviour index or power-law index. Equation (2.2) represents shear

thinning for n < 1, Newtonian for n = 1 and shear thickening fluids for n > 1 as

shown in the Figure 2.1 [52].

Shear rate

Sh
ea

rs
tr

es
s

Figure 2.1: Shear stress for three types of fluids that is Pseudoplastic(n > 1),
Newtonian(n = 1) and Dilatants(n < 1)
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The fluids on which when shear stress is applied, there viscosity become low like

tooth paste, tomato Ketchup etc are known as shear thinning fluids.

In the second class of fluids when shear stress is applied its viscosity does not

effected such fluids are known as Newtonian fluids.

In the other class when pressure is applied they become hard like cornstarch and

quick sand are known as shear thickening fluids.

There are a number of applications of non-Newtonian fluids in many branches of

science, engineering and industrial technology which justify the need to further

explore the rheological effects in various phenomena in these fields.

The classification that separates non-Newtonian fluids from Newtonian, are cate-

gorized on the basis of their behaviors in shear. In continuum or fluid mechanics,

an incompressible flow is one for which the density is constant within the fluid

parcel and isotropic, when its physical properties remain uniform throughout, for

example air and water flow.

A fluid is said to be viscous if its viscosity is substantially greater than that of

water whereas the ideal fluids have zero viscosity. When there is no effect of time

on the fluid flow, it is called a steady flow.

2.2 Nanofluid

A suspension or mixture of base fluid with nanosized particles having size ranges

from 1-100 nanometers is known as nanofluid. The science behind preparing the

nanofluids is that to enhance the thermal capability of the base fluids. The com-

mon solid additives in the form of nanoparticles are composed by down-sizing

metals and their oxides, ceramics and their oxides, carbides and composites of

metals, whose thermal conductivity is very high. Of the base fluids, water is the

most commonly used while engine oil, kerosene oil, ethylene glycol and compo-

sition of water and engine oil are also used. Nanofluids can be studied in the

processes of heat transfer [35].
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2.3 Micropolar Fluid

The fluid flow that involves the microscopic characteristics of the local structure

and the micro rotation of the fluid particles is characterized by the spin mass in-

ertia and named as the micorpolar fluid. The shear stress tensor describing the

micropolar fluids is asymmetric and deformation of the fluid particles is neglected.

This fluid is used to discuss motion of liquid crystal and the animal blood circula-

tion. Micropolar fluid falls under the class of non-Newtonian fluids for which the

nonlinearity occurs due to the microrotation of atoms within the constitutive fluid

resulting in a rotation viscosity.

An insight to the introductory theory of micropolar fluids can be seen in the work of

Eringen [53]. Contemporary to Eringen theory, the idea of coupled stresses in the

fluids was given by Stokes [54] which was helpful in a meaningful understanding of

the stresses in the micorpolar fluids. The claim of the usefulness of the micropolar

theory can be supported by its applications in science and engineering. It has been

used to describe liquid crystal behavior [55, 56]. Similarly, the low concentration

suspension flows in connection with blood rheology have been investigated by using

the micropolar theory [57–59].

Micropolar fluids have been discussed by many researchers in their articles. Some

of them are, Shu and Lee [60] discussed the two and three dimensional Oseen

and unbounded Stokes flows. They derived the solutions known as the microp-

olar Stokes couplet, micropolar Oseenlet and micropolar Oseen couplet. For a

translating circular cylinder and solid sphere in the micropolar fluid, the above so-

lutions were used to calculate the drag coefficients at low Reynolds numbers and

a comparison was presented with that of the Newtonian fluid. It was concluded

that the drag coefficients in the Newtonian fluid are smaller than those calculated

in the micropolar fluids. With a variation in the radius of the outer tube, in an

annular region with constriction, Muthu et al. [61] investigated the flow of the

micropolar fluid. Perturbation method was used to solve the nonlinear equations

of the problem with the conclusion that there is a significant mean pressure drop

in the steady streaming analysis even if the mean flow rate is zero.
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Chen et al. [62] observed the dynamics of the micropolar fluid and used the time-

centered split method (TCSM) incorporated with Chorin’s projection method to

solve the nonlinear equations of the micropolar fluid model. They developed a

computational code for the solution of the micropolar fluid flow by considering

the multiple meshes and discretizing the scheme to the second-order accuracy.

Haque et al. [63] studied the effect of MHD on steady micropolar fluid flow in a

porous medium. A numerical scheme Nachtsheim-Swigert shooting method was

employed, to solve the nonlinear boundary value problem. They concluded that

the skin friction and temperature have small values for heavier particles.

Animasaun [64] investigated the effects of the micopolar fluid on the melting hor-

izontal surface. The thermal conductivity and dynamic viscosity were considered

as a function of temperature, while taking the vortex viscosity as constant. The ef-

fects of the heat source, velocity ratio, variable viscosity and thermal conductivity

on the flow field were observed.

It was concluded that with an increase in temperature the Nusselt number, Sher-

wood number and the skin friction coefficient decrease.

2.4 Heat Transfer

Heat is always transferred from hot body to the cold. It is a molecular activity.

Heat can be transferred from system to surrounding or vice versa according as

where the molecular activity is greater. If the molecules of wall of a system are

more active than the surrounding molecules then energy is transferred from the

system. Since this is a molecular activity, so it can be observed microscopically.

As the energy is transferred, the body which absorbs energy, experiences a rise

in temperature. Hence macroscopically, it can be observed with the change in

temperature.

There are three different ways of transfer of heat that is, conduction, convection

and radiation.
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2.4.1 Conduction

In the absence of the velocity gradient, conduction is the processes of heat trans-

fer due to the random motion of the molecules. So it can take place in all three

phases that is liquid, solid and gasses. Since the molecules of solids are tightly

packed, so it is more pronounced in solids. The rate of heat transfer and tempera-

ture are related by the Fourier’s law. The one dimensional case of Fourier’s law

states as follows:

q = −kdT
dx
, (2.3)

where q is the heat flux density, k is the conductivity of material and
dT

dx
is

the temperature gradient applied to the body. The thermal conductivity of the

material is commonly taken as constant.

2.4.2 Convection

Transfer of energy from solid to fluid is known as convection. In this form of

energy transfer, heat transfer takes place in both the ways that is the random

molecular motion (conduction) and bulk transfer of the molecules (advection).

In case of liquid and gases, as molecules are free to move from place to place

so convection can be seen in these phases of matter. If the wall of container

has temperature T and temperature of the liquid at surface is T∞ then heat flux

according to Newton’s law of cooling is given as:

q = h(T − T∞), (2.4)

Convection can be classified in three types that is the free or natural, forced

and mixed convection. Natural convection occurs due to temperature difference

between the surface of liquid at free stream and with the solid, hence it occurs

slowly, whereas forced convection occurs faster as some force is applied on it.

Hence in case of forced convection the value of h is large. In mixed convection,
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both type of convection are taken at the same time. If both the free and the forced

convection are acting in the same direction, the convection is laminar but if they

are acting in opposite direction the convection will be turbulent.

2.4.3 Radiation

Heat transfer that requires no medium is termed as radiation. This from of transfer

of heat energy is different from conduction and convection. The body which emits

the heat radiation is often called a black body. The heat radiation emitted by the

black body is given as

q = σ(T 4 − T 4
∞), (2.5)

where q represents the heat radiation, T and T∞ represent the absolute and am-

bient temperatures and σ is the Stefan-Boltzmann constant. The Figure 2.2 rep-

resent the how the conduction, convection and radiation take place.

Figure 2.2: Conduction, convection and radiation
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2.5 Differential Operators

The differential operator ∇, called nabla or del, is defined as

∇ =
∂

∂x
i+

∂

∂y
j +

∂

∂z
k.

It behaves like vector so it is called vector differential operator.

If Φ is a scalar point function then gradient of the function is defined as:

∇Φ =
∂Φ

∂x
i+

∂Φ

∂y
j +

∂Φ

∂z
k.

The gradient of a scalar function is a vector which represents direction as well as

the magnitude of maximum space rate of increase. If V is a vector point function

that is

V = ui+ vj + wk,

then divergence of the vector function is defined as:

∇ ·V =

(
∂

∂x
i+

∂

∂y
j +

∂

∂z
k

)
· (ui+ vj + wk)

∇ ·V =
∂u

∂x
i+

∂v

∂y
j +

∂w

∂z
k.

The Curl of the vector function is defined as:

∇×V =

∣∣∣∣∣∣∣∣∣∣
i j k
∂

∂x

∂

∂y

∂

∂z

u v w

∣∣∣∣∣∣∣∣∣∣
∇×V =

(
∂w

∂y
− ∂v

∂z

)
i−
(
∂w

∂x
− ∂u

∂x

)
j +

(
∂v

∂x
− ∂u

∂y

)
k.

Physically Curl of a vector function represents the rotation of the fluid.

The Laplacian operator is defined as:

∇ · ∇ = ∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.
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The Laplacian of scalar point function Φ is given as:

∇2Φ =
∂2Φ

∂x2
+
∂2Φ

∂y2
+
∂2Φ

∂z2
.

The Laplacian of vector function V is given as:

∇2V =
∂2u

∂x2
+
∂2v

∂y2
+
∂2w

∂z2
.

Operator V · ∇ is

V · ∇ = u
∂

∂x
+ v

∂

∂y
+ w

∂

∂z
.

2.6 Substantial Derivative

“Consider a particle moving in a velocity field. At time t, the particle is at the

position P (x, y, z) and has a velocity,

VP

]
t

= V(x, y, z, t).

At t+ dt, the particle has moved to a new position, with coordinates x+ dx, y +

dy, z + dz, and has a velocity given by

VP

]
t+dt

= V(x+ dx, y + dy, z + dz, t+ dt).

This is shown pictorially in Fig. 2.3.

y

Path of 
particle

Particle 
at time, t

Particle at 
time, t+dt

x

z

r+ dr

time, t+dt
r

Figure 2.3: Motion of particle in flow field



Preliminaries and Solution Methodology 20

The particle velocity at time t is given by VP

]
t

= V(x, y, z, t). Then dVP , the

change in the velocity of the particle, in moving from location r to r + dr, in

time dt, is given by the chain rule,

dVP =
∂V

∂x
dxP +

∂V

∂y
dyP +

∂V

∂z
dzP +

∂V

∂t
dt.

The total acceleration of the particle (at some point P) is given by

aP =
dVP

dt
=
∂V

∂x

dxP
dt

+
∂V

∂y

dyP
dt

+
∂V

∂z

dzP
dt

+
∂V

∂t
.

Since

dxP
dt

= u,
dyP
dt

= v,
dzP
dt

= w,

we have

aP =
dVP

dt
= u

∂V

∂x
+ v

∂V

∂y
+ w

∂V

∂z
+
∂V

∂t
.

To emphasize on the calculations of the acceleration of a fluid particle in a velocity

field a special derivative with notation
DV

Dt
used in the literature. Thus

DV

Dt
= aP =

dVP

dt
= u

∂V

∂x
+ v

∂V

∂y
+ w

∂V

∂z
+
∂V

∂t
. (2.6)

The derivative,
D

Dt
, defined by Eq. (2.6), is commonly called the substantial

derivative [65]. Often it is called the material derivative or particle derivative.

The physical significance of the terms in Eq. (2.6) is

DV

Dt︸︷︷︸
Total acceleration of particle

= u
∂V

∂x
+ v

∂V

∂y
+ w

∂V

∂z︸ ︷︷ ︸
Convective acceleration

+
∂V

∂t︸︷︷︸
Local acceleration

From Eq. (2.6), it can be recognized that a fluid particle moving in a flow field may

undergo acceleration for either of two reasons. In a steady flow the motion of a

fluid particle is completely described with convective acceleration, while if the flow
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field is unsteady, the fluid particle will undergo an additional local acceleration

because the velocity field is a function of time. The convective acceleration may

be written as a single vector expression using the gradient operator ∇ in the form

acon = u
∂V

∂x
+ v

∂V

∂y
+ w

∂V

∂z
= (V.∇)V

Thus Eq. (2.6) may be written as

DV

Dt
= aP = (V.∇)V +

∂V

∂t
. (2.7)

2.7 Equations of Motion for Flow Model

The equation of motion for the flow of nanofluids are the laws of conservation of

mass, momentum and energy. These equations are described as follows

2.7.1 Equation of Continuity

The law of conservation of mass is given by the equation of continuity.

∂ρf
∂t

+∇ · ρfV = 0, (2.8)

This equation is same for the fluids and the Buongiorno model. For Tiwari Das

model replace ρf with ρnf . For incompressible fluids this equation is written as

∇ ·V = 0. (2.9)

2.7.2 Momentum Equation

Momentum equation for incompressible fluid is given by

ρf

(
∂V

∂t
+ (V · ∇) V

)
= ρf vf∇2V + b, (2.10)
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where b is the body force. For common fluids and Buongiorno model this equation

remains the same but for the Tiwari and Das model ρf and vf are replaced with

ρnf and vnf .

2.7.3 Energy Equation

First law of thermodynamics: rate of change of energy of a fluid particle is equal

to the rate of heat addition plus the rate of work done [65].

• Rate of increase of energy is ρ
DE

Dt
.

• Energy E = i +
1

2
(u2 + v2 + w2), where i is the internal (thermal) energy

and
1

2
(u2 + v2 + w2) is the kinetic energy.

• Potential energy (gravitation) is usually treated separately and included as

a source term.

• We will derive the energy equation by setting the total derivative equal to

the change in energy as a result of work done by viscous stresses and the net

heat conduction.

• Next we will subtract the kinetic energy equation to arrive at a conservation

equation for the internal energy.

The total rate of work done by surface stresses is calculated by adding all work

done along x, y and z−components.

Work done per unit volume by surface stresses is given by

− div(p~u) +
∂(uτxx)

∂x
+
∂(uτyx)

∂y
+
∂(uτzx)

∂z
+
∂(vτxy)

∂x

+
∂(vτyy)

∂y
+
∂(vτzy)

∂z
+
∂(wτxz)

∂x
+
∂(wτyz)

∂y
+
∂(wτzz)

∂z

The net rate of heat transfer to the fluid particle per unit volume is given by

−∂qx
∂x
− ∂qy
∂y
− ∂qz
∂z

= −divq
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Fouriers law of heat conduction relates the heat flux to the local temperature

gradient:

qx = −k∂T
∂x

, qy = −k∂T
∂y

, qz = −k∂T
∂z

.

In vector form is

q = −k grad T.

Thus, energy flux due to conduction is

− divq = div(k grad T ).

Setting the total derivative for the energy in a fluid particle equal to the previously

derived work and energy flux terms, results in the following energy equation:

ρ
DE

Dt
=− div(p~u) +

∂(uτxx)

∂x
+
∂(uτyx)

∂y
+
∂(uτzx)

∂z
+
∂(vτxy)

∂x

+
∂(vτyy)

∂y
+
∂(vτzy)

∂z
+
∂(wτxz)

∂x
+
∂(wτyz)

∂y
+
∂(wτzz)

∂z

+ div(k grad T ) + SE

Note that a source term SE that includes sources (potential energy, sources due

to heat production from chemical reactions, etc.).”

2.8 Second Law of Thermodynamics

The entropy of the universe is always increasing is the statement for the second

law of thermodynamics. The example of the second law is the cornet engine, which

operates between the two reservoirs. One of the reservoir is at hot temperature,

where the engine absorbs heat energy and do the useful work and some of the

energy is released into the other reservoir which is at lower temperature than the

engine. Thus in this way the engine perform work repeatedly so that all the heat

energy of the hot reservoir is consumed such that the temperature of the two

reservoirs become equal. Hence there is no useful energy is left behind to perform

any more work.
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The figure of the cornet engine [66] is shown below.

QH

QC

W

TC

TH

Figure 2.4: Cornet Engine

2.9 Cattaneo–Christov Theory

q = −k∇T, (2.11)

is known as the Fourier law of heat exchange [67]. According to this law, if one end

of a metal rod is heated then heat is felt instantly on the other end which means

heat travels with the speed of light, which is not possible. In order to rectify this

flaw in the Fourier law, Cattaneo [68] purposed his theory as

(
1 + λ0

∂

∂t

)
q = −k∇T, (2.12)

where λ0 is thermal relaxation time. When temperature gradient is applied across

a volume element λ0 is the time lag to achieve the steady state solution.

Christov [68] replaced the time derivative with the upper convective to modify the

theory of Cattaneo. The main objective was to remove the paradoxical feature of

the thermal waves in a moving frame. Thus the Cattaneo- Christov model became

λ0

[
∂q

∂t
+ V · ∇q − q · ∇V + (∇ ·V) q

]
+ q = −k∇T. (2.13)
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2.10 Body Forces

2.10.1 Squeezing Flow

Squeezing flow is the flow of a fluid between the two plates, which occurs when

the plates move towards or away from each other. As the fluid is present between

the plates and when plates come towards each other, the fluid is compressed and

hence it moves away. Otherwise when the plates move away from each other then

in that case a space is generated and to cover this space fluid moves inside.

2.10.2 Magnetohydrodynamics (MHD)

When a magnetic field is applied on an electrically conducting fluid, it produces

the current in fluid and create forces on the fluid. The application of magnetic

field normal to the flow of the fluid produces a magnetic force on the fluid particles

called the Lorentz forces and is calculated by the equation:

bMag = J ×B. (2.14)

J is given as:

J = δf (E + V ×B), (2.15)

is known as the generalized Ohms law, where δf is the electrical conductivity, E

is the electric field and B is the strength of the magnetic field that is the applied

magnetic field B0 and the induced magnetic field b. In order to find the MHD

term we have to consider the Maxwell equations given as:

∇ ·E = 0, (2.16)

∇×B = µmJ , (2.17)

∇×E = −∂E
∂t

. (2.18)
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Assumptions are electric field is zero and the Reynolds number for the flow is

small so that the induced magnetic field is zero. In the absence of electric field

Eq. (2.15) becomes:

J = δfV ×B0, (2.19)

J ×B = δf (V ×B0)×B0, (2.20)

= δf [(V ·B0)B0 − (B0 ·B0)V ] , (2.21)

since V and B0 are perpendicular to each other so, V ·B0 = 0, hence

J ×B = −δfB0
2V , (2.22)

which is the required term for the magnetic field. If the magnetic Prandtl number

is nearly equal or greater than “1” then the induced magnetic effect must be

considered and is given mathematically by the equation as

∂B

∂t
= ∇× (V ×B) + µe∇2B. (2.23)

2.10.3 Free Convection

Free or natural convection occurs in the fluids with different densities due to

different temperature gradients. The natural convection can only take place in

gravitational field. Hence it acts as the body force known as buoyancy force given

by the equation:

bG = gβ(T − T0). (2.24)

2.11 Single Phase Nanofluid Models

Generally nanofluid is considered as the two phase fluid. That is, one is the

solid phase comprising of nanoparticles and the other is the liquid phase. Since
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the the size of the particles added to the base fluid is very very small, so the

mixture can be considered as a single phase fluid. In fluid mechanics, single phase

models can be divided into three main approaches, which are Buongiorno, Tiwari-

Das(homogeneous) and thermal dispersion models.

2.11.1 Buongiorno Model

Buongiorono nanofluid model [69] is a combination of dispersion and homoge-

neous models. The abnormal convective heat transfer enhancement observed in

the nanofluids has been explained in this model. This model is mainly focused on

two main factors that is the thermophoresis and Brownian diffusion. This model

explains the role of nanopaticles diffusion effect in the nanofluid heat transfer near

the wall for the turbulent flows.

The flow equations for the fluid are given by the continuity, momentum, energy

and the concentration as follows:

∇ ·V = 0, (2.25)

ρnf (V · ∇) V = −∇p+ µnf∇2V + b, (2.26)

V · ∇T = α∗nf∇2T + τ ∗
[
DB (∇T · ∇C) +

DT

T∞
(∇T · ∇T )

]
, (2.27)

V · ∇C = DB∇2C +
DT

T∞
∇2T. (2.28)

This model for the nanofluids has been used in Chapters 4 and 5 of this thesis.

If we are working on the micropolar fluid then its momentum and angular mo-

mentum equations will be of the form [70].

u
∂u

∂x
+ v

∂u

∂y
=

(
µf + κ∗

ρ

)
∂

∂y

(
|N |n−1∂u

∂y

)
+
κ∗

ρ

∂

∂y

(
|N |n−1N

)
, (2.29)

ρj

(
u
∂N

∂x
+ v

∂N

∂y

)
=

∂

∂y

(
γ
∂N

∂y

)
− κ∗|N |n−1

(
2N +

∂u

∂y

)
. (2.30)
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2.11.2 Tiwari–Das Model

Tiwari and Das model [71], considered a two-sided-lid-driven deferentially heated

square cavity filled with nanofluid. The experiment was performed for three dif-

ferent cases.

In case I, left wall (cold) was moving upward and the right wall (hot) was in the

downward direction, while case II was vice a versa and in the third case both of

the walls were moving in the upward direction, whereas the upper and lower walls

were insulated. The major parameters discussed were Richardson number Ri and

volume fraction φ′. Both the Richardson number and the motion of walls effect the

heat transfer rate. It was observed that when nanosized solid particles of Copper

are added in the range 0% < φ′ < 20% to the base fluid, they enhanced the thermal

conductivity of the fluid dramatically. This effect is more pronounced with the

increasing volume fraction of the solid particles. The range of the Richardson

number is taken from 0.1to100. The value of the Grashoff number is fixed at 104

for different values of the Richardson number. The values of the Reynolds number

are identical to both sides of the cavity. It was witnessed that for case I, the

values of the Nusselt number increase abruptly after a certain volume fraction of

the nanoparticles for Ri = 1.0. For the third case the heat transfer rate is reduced

for Ri = 0.1, 1 and 10 as compared to the other two cases. When the nanoparticles

of solid are added to the base fluid they change the natural convection of the fluid

to the forced convection. For the forced convection in which Ri < 1, the Nusselt

number showed greater values for case II, as compared to case I and III. For volume

fraction at 0.16 and 0.20 the Nusselt has greatest value in case III as compared

with case I & II.

The governing equations of continuity, momentum and energy for this nanofluid

model are given as:

∇ ·V = 0, (2.31)

ρnf (V · ∇) V = −∇p+ µnf∇2V + b, (2.32)

V · ∇T = αnf∇2T. (2.33)
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The physical properties of the nanofluid have the following relation as

ρnf = φ1ρp + (1− φ1)ρf , (2.34)

(ρcp)nf = φ1(ρcp)p + (1− φ1)(ρcp)f , (2.35)

µnf =
µf

(1− φ1)2.5
, (2.36)

knf = kf

[
(kp + 2kf )− 2φ1 (kf − kp)
(kp + 2kf ) + φ1 (kf − kp)

]
, (2.37)

and the effective electric conductivity of the nanofluid (δel)nf is proposed by

Maxwell [72] as:

(δel)nf =

[
1 +

3 {(δel)p − (δel)f}φ1

{(δel)p + 2(δel)f} − {(δel)p − (δel)f}φ1

]
(δel)f . (2.38)

Table 2.1 provides the thermophyscal properties of the nanoparticles and base

fluids that are used in the present study [73]. This model is applied in the Chapter

3 of this thesis.

ρ cp κ δel
Kg m−3 J Kg−1K−1 W m−1K−1 (Ωm)−1

Pure water (H2O) 997.1 4179 0.6130 0.05
Copper (Cu) 8933 385.0 401.00 5.96 ×107

Alumina (Al2O3) 3970 765.0 40.000 1×10−10

Table 2.1: Thermophysical properties of the base fluid and nanoparticles.

2.12 Thermal Dispersion Model

By modifying the single phase model the Xuan and Roetzel [74] changed it into

the thermal dispersion model. They consider the random or irregular motion of

nanoparticles due to which velocity and the temperature of the fluid arises. The

velocity and the temperatuer is given by

V = V + V ′, (2.39)

T = T + T ′, (2.40)
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where V ′ and T ′ represent the velocity and temperature variations due to irreg-

ular movement of the nanoparticles also V and T represents the average velocity

and temperature. The energy equation is given by after neglecting the boundary

surface between the nanoparticles and base fluid as

∇ ·
[
(ρcp)nf V T

]
= ∇ ·

(
knf∇T

)
+∇ ·

[
(ρcp)nf V

′T ′
]

(2.41)

2.13 Boundary Layer Flow

Flows for very high Reynolds numbers behaves like as inviscid flows, because for

these cases the effect of viscosity is almost negligible. The flows with high Reynolds

numbers can be divided into two regions. The region which is narrow and near to

the boundary wall is called boundary layer. The other region is independent of

the viscosity effects. The region close to the wall where the wall is stationary or

subjected to a velocity different to that of the fluid gives rise to a boundary layer.

The formation of boundary layer is due to the dominant viscous effects which poses

a resistance to the flow. The boundary layer exists till the inertial forces equal

the viscous forces and velocity gradient vanishes. This theory was first proposed

by Ludwig Prandtl [75] in 1904. In the same manner the thermal and the velocity

boundary layers can be defined [76]. If the thermal conductivity of a fluid is lower

then the velocity boundary layer is thicker than the thermal boundary layer and

vice versa.

2.14 Entropy

Thermal energy per unit temperature which is unavailable for doing useful work

is known as entropy [77] of a system. Every system has the energy to do useful

work. But during this useful work some energy is lost in the form of heat due to

friction and other factors. This loss of energy is known as the entropy of system.

If efficiency of a system is 100% then its entropy is zero. Hence the entropy of
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an ideal system is zero. The concept was introduced by Clausius in 1850. If Q

is the amount of heat flow and T is the temperature above absolute zero, the

entropy is given by δS =
Q

T
. In the problems that are considered in the present

work, entropy is produced due to three important factors: the heat transfer, fluid

friction and diffusive irreversibilities.

S ′′′ =
(
S ′′′gen

)
HT

+
(
S ′′′gen

)
FF

+
(
S ′′′gen

)
DI
. (2.42)

2.15 Physical Quantities

2.15.1 Hartmann Number

“The ratio of electromagnetic to the viscous force is called the Hartmann number”.

Hartmann number is the dimensionless form of conservation equations where mag-

netic field is used as a body force or when the induced magnetic field effects are

made a part of the study. Mathematically it is given as:

M =

√
δelB2L2

µ
, (2.43)

where B,L, δel and µ are the intensity of magnetic field, characteristics length,

electrical conductivity and the dynamic viscosity of the fluid respectively.

2.15.2 Rotational Viscosity Parameter

“Rotational viscosity is a property of a fluid which determines the rate at which

the local angular momentum differences are equilibrated. It is only appreciable if

there are rotational degrees of freedom for the fluid particles.” Mathematically it

is given by [53]

K =
k0
µ0

. (2.44)
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2.15.3 Reynolds Number

“The Reynolds number is the ratio of the inertial forces to the viscous forces within

a fluid.” For a smaller value of the Reynolds number, the boundary layer is thicker

and for a high Reynolds number boundary layer becomes thinner in the fluid.

Mathematically it is given by the equation [78]

Re =
uL

ν
, (2.45)

2.15.4 Prandtl Number

“A dimensionless number given by the ratio of momentum to the thermal diffu-

sivity”. Mathematically, it is given by [78]

Pr =
ν

α
, (2.46)

The value of the Prandtl number for liquid metals ranges from 0.001‘to‘0.1 and

for gases it is around 0.7 and for liquids its value is greater than 1.

2.15.5 Eckert Number

“The relationship between a flow’s kinetic energy and the boundary layer enthalpy

difference is known as the Eckert number [78].” It is a dimensionless number and

given in the mathematical form as

Ec =
u2

cpδT
. (2.47)

2.15.6 Thermophoresis Parameter

The force generated by the Temperature gradient produces a force which drag the

nanoparticle in the fluid from higher temperature region to the colder region is

called thermophoresis. The thermophoresis coefficient is denoted by DT and is



Preliminaries and Solution Methodology 33

given by [79]

DT = 0.26
knf

2knf + kp

µnf
ρnf

φ. (2.48)

2.15.7 Brownian Motion Parameter

The microscopic random motion of a particle in water was first observed by Robert

Brown in 1827. This random motion of particles was due to the motion of the

molecules of water and is known as Brownian motion.

In heat transfer process, the nanoparticles are observed to increase the temper-

ature of the fluid very rapidly. This happens due to the random motion of the

nanoparticles. The Brownian coefficient is denoted by DB and is defined as [79]

DB =
kBT

3πµdp
, (2.49)

where kB, T, µ and dp Boltzmann constant, temperature of fluid, viscosity of fluid

and radius of the nanoparticle respectively.

2.15.8 Bejan Number

The ratio of heat transfer irreversibility to the total entropy( that is heat transfer

irreversibility, fluid friction irreversibility and diffusion irreversibility) of the system

is called the Bejan number. It is represented by Be and is given by [80]

Be =

(
S ′′′gen

)
HTI(

S ′′′gen
)
HTI

+
(
S ′′′gen

)
FFI

+
(
S ′′′gen

)
DI

. (2.50)

The value of Bejan number always lies between 0 and 1. If the value of the heat

transfer irreversibility is much greater than the other irreversibilities that is fluid

friction and diffusion irrevesibilities in entropy, then value of Bejan number is near

to 1, otherwise near to zero. Also it is the ratio between two similar quantities,

hence it is a number without any unit.
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2.15.9 Skin Friction Coefficient

It is the friction between the fluid surface and wall of the container. It is a

dimensionless number denoted by Cf and is given by [78]

Cf =
2τw
ρfu2w

, (2.51)

where τw, ρf and uw is the shear stress at the surface, fluid density and the char-

acteristics velocity of the flow respectively.

2.15.10 Nusselt Number

“It is a dimensionless number defined as the ratio of heat transferred by convection

to the heat transferred by conduction”. It gives a relative measure of the heat

transfer by conduction and convection. It is denoted by Nu and mathematically

written as [78]

Nu =
knf∇T
kf

. (2.52)

2.15.11 Sherwood Number

It is ratio of the convective mass transfer to the rate of diffusive mass transport,

and is named in honor of Thomas Kilgore Sherwood. It is a dimensionless number

denoted by Sh and is defined as [78]

Sh =
xDm∇C

Dm(Cw − C∞)
. (2.53)

2.16 Keller Box Method

It is a special variant of the finite difference scheme presented by H. B. Keller [81]

in 1971. The details, accuracy and stability criteria of the scheme can be found in

[76]. The Keller–Box method is highly stable numerical technique. It uses central
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difference approximations for derivatives and function values which makes It a

second order convergent method. It can compute the solution of highly coupled

nonlinear equations.

The nonlinear equations are linearized and then solved by standard numerical

techniques like LU factorization technique. To explain the procedural details of

Keller box method the following example may be very helpful.

Example: Consider the following boundary value problem

f ′′′′ − f ′′′ = 0, (2.54)

with boundary conditions f(0) = 1, f ′(0) = 1, f ′′(1) = 3e & f ′′′(1) = e.

Convert Eq. (2.54) into four ordinary differential equations as

f ′ = Y1, (2.55)

f ′′ = Y ′1 = Y2, (2.56)

f ′′′ = Y ′2 = Y3, (2.57)

Y ′3 − Y3 = 0, (2.58)

and the above boundary conditions (2.16) are changed as

f(0) = 1, Y1(0) = 1, Y2(1) = 3e and Y3(1) = e. (2.59)

Now replace the functions with the averages and the derivatives with the central

differences, the system (2.56–2.58) becomes

(f)j − (f)j−1
h

=
(Y1)j + (Y1)j−1

2
, (2.60)

(Y1)j − (Y1)j−1
h

=
(Y2)j + (Y2)j−1

2
, (2.61)

(Y2)j − (Y2)j−1
h

=
(Y3)j + (Y3)j−1

2
, (2.62)

(Y3)j − (Y3)j−1
h

− (Y3)j + (Y3)j−1
2

= 0, (2.63)
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After linearization Eqs. (2.60)–(2.63) takes the form

δ(f)j − δ(f)j−1 −
h

2
[δ(Y1)j + δ(Y1)j−1] = (r1)j− 1

2
, (2.64)

δ(Y1)j − δ(Y1)j−1 −
h

2
[δ(Y2)j + δ(Y2)j−1] = (r2)j− 1

2
, (2.65)

δ(Y2)j − δ(Y2)j−1 −
h

2
[δ(Y3)j + δ(Y3)j−1] = (r3)j− 1

2
, (2.66)

(Z1)jδ(f)j + (Z2)jδ(f)j−1 + (Z3)jδ(Y1)j + (Z4)jδ(Y1)j−1

+ (Z5)jδ(Y2)j + (Z6)jδ(Y2)j−1 + (Z7)jδ(Y3)j + (Z8)jδ(Y3)j−1 = (r4)j− 1
2
, (2.67)

where,

(Z1)j = (Z2)j = 0, (2.68)

(Z3)j = (Z4)j = 0, (2.69)

(Z5)j = (Z6)j = −1, (2.70)

(Z7)j = 1, (2.71)

(Z2)j = 0, (2.72)

(r1)j− 1
2

= −(f)j + (f)j−1 +
h

2
[(Y1)j + (Y1)j−1] , (2.73)

(r2)j− 1
2

= −(Y1)j + (Y1)j−1 +
h

2
[(Y2)j + (Y2)j−1] , (2.74)

(r3)j− 1
2

= −(Y2)j + (Y2)j−1 +
h

2
[(Y3)j + (Y3)j−1] , (2.75)

(r4)j− 1
2

= −(Y3)j − (Y3)j−1
h

− (Y3)j + (Y3)j−1
2

. (2.76)

The boundary conditions (2.59) when solved give rise the following constraints

δ(f)0 = δ(Y1)0 = δ(Y2)J = δ(Y3)J = 0. (2.77)

On the basis of these constraints, the vector of unknowns is defined as:

δ =
[

δ(Y23)j−1 δ(Y34)j−1 δ(f1)j δ(Y12)j

]T
, j = 1, 2, ...J (2.78)

The system is written in matrix form consists of a tridiagonal matrix, a column

vector and also a column vector as given below
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Mδ = r, (2.79)

where,

M =



A1 C1

B2 A2 C2

... ... ...

... ... ...

... ... ...

BJ−1 AJ−1 CJ−1

BJ AJ


, (2.80)

Aj =


0 0 1 −h

2

−h
2

0 0 1

−1 −h
2

0 0

(Z6)j (Z8)j (Z1)j (Z3)j

 , j = 1, 2, 3, ...J, (2.81)

Bj =


0 0 −1 −h

2

0 0 0 −1

0 0 0 0

0 0 (Z2)j (Z4)j

 , j = 2, 3, 4, ...J, (2.82)

Cj =


0 0 0 0

−h
2

0 0 0

1 −h
2

0 0

(Z5)j (Z7)j 0 0

 , j = 1, 2, 3, ...J − 1, (2.83)
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The system defined in Eq. (2.79) is solved using LU-block factorization method.

The vector of unknowns is updated till required accuracy is achieved. The numer-

ical results obtained by Keller box method for the present problem are demon-

strated in Figure 2.5.

0 0.2 0.4 0.6 0.8 1
1

1.5

2

2.5

3

3.5

4

f(
η)

η

Figure 2.5: Flow model of the problem

The algorithm form of the scheme can be presented as:

1. Reduce the higher order boundary value problems to first order ordinary

differential equations.

2. The resulting system is discretized by using central differences for the deriva-

tives and average values for the functions as,

(
df∗
df

)
j− 1

2

=
(f∗)j − (f∗)j−1

h
, (2.84)

(f∗)j− 1
2

=
(f∗)j + (f∗)j−1

2
. (2.85)

3. The nonlinear difference equations are linearized by the Newton’s method in

the following sense,

(f∗)
i+1
j = (f∗)

i
j + δ (f∗)

i
j . (2.86)
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4. The resulting linear system is written in the matrix form Mδ = r.

5. The vector of unknowns δ is obtained by solving the system Mδ = r by using

LU -decomposition method.

6. Updation is made to the solution vector and the process is continued until

a required accuracy is achieved.

The obtained numerical values are strongly depend on the step size interval. The

step size values are taken to fulfill the boundary condition asymptotically.



Chapter 3

MHD Squeezing Flow of a

Nanofluid Model Using

Cattaneo–Christov Theory

3.1 Introduction

This chapter gives an account of the heat transfer characteristics of the squeezing

flow of a nanofluid between two flat plates with upper plate moving vertically (up

and down) and the lower in the horizontal direction. Tiwari and Das nanofluid

model has been utilized to give a comparative analysis of the heat transfer in the

Cu–water and Al2O3–water nanofluids with entropy generation. The modeling

is carried out with the consideration of Lorentz forces to observe the effect of

magnetic field on the flow. The Joule heating effect is included to discuss the

heat dissipation in the fluid and its effect on the entropy of the system. The

nondimensional ordinary differential equations are solved using the Keller box

method to assess the numerical results which are presented by the graphs and

tables. An interesting observation is that the entropy is generated more near the

lower plate as compared with that at the upper plate. Also, the heat transfer rate

is found to be higher for the Cu nanoparticles in comparison with the Al2O3

40
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nanoparticles.

3.2 Mathematical Formulation

An unsteady squeezing flow of the Newtonian nanofluid between two parallel flat

plates with the Cattaneo–Christov heat flux model has been considered. The lower

plate has a stretching velocity Uw = Sx/(1− σt) along the x−axis and is located

at y = 0. The upper plate placed at y = h(t), where h(t) =
√
νf (1− σt)/S,

moves towards and away from the lower plate with the velocity Vh = dh/dt. The

dimension of parameter σ is (time)−1 and σt < 1. Here Tw and Th signify the wall

and ambient temperatures given by Tw = T0 +d1x and Th = T0 +d2x, respectively

as shown in Figure 3.1.

u

v

0=y

)(thy =

xdTTw 10 +=

xdTTh 20 +=

t

Sx
U w

−
=

1

x

y

Newtonian 

nanofluid

Nano 

particle

Copper or 

Alumina-water

)(tVh

Thermal boundary curve

Velocity boundary curve

Figure 3.1: Schematic diagram of flow model

The following equation describes the heat flux q in terms of Cattaneo-Christov

theory.

q + δE

[
∂q

∂t
+ V.∇q + (∇.V) q− q.(∇V)

]
= k∇T. (3.1)

The classical Fourier’s law can be obtained from equation (3.1) by putting δE = 0.

Using the Tiwari–Das model [71] and the incompressibility of the fluid, Equation

(3.1) becomes:

q + δE

[
∂q

∂t
+ V.∇q− q.(∇V)

]
= knf∇T. (3.2)
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The viscous dissipation effect, the MHD and Joule heating effects have been taken

into account. After applying the boundary layer approximation and scale analysis,

the resulting constitutive equations are [82, 83]:

∂u

∂x
+
∂v

∂y
= 0, (3.3)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= − 1

ρnf

∂p

∂x
+
µnf
ρnf

(
∂2u

∂x2
+
∂2u

∂y2

)
−B2

0

(δel)nf
ρnf

u, (3.4)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
+ αΩE =

κnf
(ρcp)nf

(
∂2T

∂x2
+
∂2T

∂y2

)
+B2

0

(δel)nf
(ρcp)nf

u2

+
µnf

(ρcp)nf

[
2

{(
∂u

∂x

)2

+

(
∂v

∂y

)2
}

+

(
∂u

∂y
+
∂v

∂x

)2
]
, (3.5)

where the physical properties of the nanofluids have been expressed in terms of

the following relations [84]

ρnf = φ1ρp + (1− φ1)ρf , (3.6)

(ρcp)nf = φ1(ρcp)p + (1− φ1)(ρcp)f , (3.7)

µnf =
µf

(1− φ1)2.5
, (3.8)

knf = kf

[
(kp + 2kf )− 2φ1 (kf − kp)
(kp + 2kf ) + φ1 (kf − kp)

]
, (3.9)

(δel)nf =

[
1 +

3 {(δel)p − (δel)f}φ1

{(δel)p + 2(δel)f} − {(δel)p − (δel)f}φ1

]
(δel)f , (3.10)

ΩE =
∂2T

∂t2
+ u

∂u

∂x

∂T

∂x
+ v

∂v

∂y

∂T

∂y
+ u2

∂2T

∂x2
+ v2

∂2T

∂y2
+
∂u

∂t

∂T

∂x
+ 2uv

∂2T

∂x∂y

+ 2u
∂2T

∂x∂t
+ u

∂v

∂x

∂T

∂y
+
∂v

∂t

∂T

∂y
+ v

∂u

∂y

∂T

∂x
+ 2v

∂2T

∂y∂t
. (3.11)

The boundary conditions for the above stated unsteady squeezing plates are

u
∣∣
y=0

= Uw(x, t) =
Sx

1− σt
, v

∣∣
y=0

= 0, T
∣∣
y=0

= Tw = T0 + d1x,

uy→h(t) → 0, vy→h(t) = Vh =
dh

dt
= −σ

2

√
νf

S(1− σt)
,

T
∣∣
y→h(t) → Th = T0 + d2x. (3.12)

In the above equations, S > 0 is a dimensional constant and represents the stretch-

ing velocity of the lower plate. The similarity transform [82] for the above problem
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is

Ψ = x
√

Sνf
1−σtf(η), η =

√
S

νf (1−σt)
y, u = Sx

1−σtf
′,

v = −
√

Sνf
1−σtf, θ = T−Th

Tw−T0 .

 (3.13)

Applying these similarity transformation to the governing equations of the prob-

lem, the PDEs (3.3)–(3.5) are converted to the nondimensional ODEs as are writ-

ten below.

f ′′′′ − f ′f ′′ + f f ′′′ − sq

2
(3f ′′ + ηf ′′′)− A5

A1

M2f ′′ = 0, (3.14)

A1A4

A2A3

θ′′ +
Pr

2
(2f θ′ − sq η θ′)− Prβe

(
f 2 θ′′ + f f ′ θ′ − sq η f θ′′

)
− Pr

4
η βe sq2 (3 θ′ + η θ′′) +

Pr

2
βe sq (3f θ′ + η f ′ θ′)

− A5

A2

M2 Pr Ecx f
′2 + 4

A3

A2

PrEcf ′2 +
A1

A2

PrEcxf
′′2 = 0, (3.15)

where, sq =
σ

S
, M2 =

1− σt
S

(δel)f
ρf

B2
0 , P r =

µfcp
kf

, βe =
Sα

(1− σt)
,

Ecx =
S2x2

(1− σt)2 (Tw − T0) cp
, Ec =

µfS

ρf (Tw − T0) (1− σt) cp
, A1 =

ρnf
ρf

,

A2 =
(ρcp)nf
(ρcp)f

, A3 =
µnf
µf

, A4 =
knf
kf

and A5 =
(δel)nf
(δel)f

.

Since pressure is the function of the variable x only so differentiating Eq (3.4) with

respect to y will eliminate the pressure term but it is transformed into f ′, hence

we can say that pressures is present in terms of velocity.

The similarity transformation converts the boundary conditions (3.12) to the fol-

lowing form:

f (η) = 0, f ′ (η) = 1, θ (η) = 1− S1 at η = 0,

f (η) =
sq

2
, f ′ (η) = 0, θ (η) = 0 when η = 1.

 (3.16)

To judge how efficient a system is, its entropy analysis is of crucial importance.

The entropy in the present scenario is produced due to two important factors: the

heat transfer and the fluid friction irreversibilities. The case for βe = 0 is discussed
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here and the entropy equation is given as:

S ′′′ =
knf
T 2
0

[(
∂T

∂x

)2

+

(
∂T

∂y

)2
]

+
µnf
T0

[
2

{(
∂u

∂x

)2

+

(
∂v

∂y

)2
}

+

(
∂u

∂y
+
∂v

∂x

)2
]

+
(δel)nf
T0

B2
0u

2. (3.17)

The characteristics entropy generated in the system is given by

S ′′′0 =
knfS (Tw − T0)2

νnfT 2
0 (1− σt)

.

Dividing Equation (3.17) with the characteristics function and using the similarity

transform, we get the non–dimensional form of entropy, given as:

Ng = θ′2 +
A2

3

A1A4

(
PrEcx

Ω
f ′′2 + 4

EcPr

Ω
f ′2
)

+
A3A5

A1A4

M2EcxPr

Ω
f ′2. (3.18)

The Bejan number is a very important quantity which gives the ratio of the entropy

produced by the heat transfer irreversibility to the total entropy of the system,

given as under:

Bejan Number =
Nh

Ng
=

θ′2

Ng
. (3.19)

The other physical quantities which are of great interest are the skin friction

coefficient and the Nusselt number. The skin friction [82] is given by:

Cfx =
τw

ρnf U2
w

, (3.20)

where τw is given by:

τw = µnf

(
∂u

∂y

)
y=h(t)

= µnf
Sx

1− σt

√
S

νf (1− σt)
. (3.21)

Substituting the values of Uw and τw in Equation (3.20) we get,

A1

A3

√
RexCfx = f ′′(1), (3.22)

Cf =
∣∣f ′′(1)

∣∣, (3.23)
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where Rex =
Uwx

νf
and Cf = A1

A3

√
RexCfx. The Nusselt number [85–90] is given

by

Nux =
qwx

knf (Tw − Th)
, (3.24)

where qw is given as,

qw = −knf
(
∂T

∂y

)
y=h(t)

, (3.25)

= −knf (Tw − Th)

√
S

νf (1− σt)
θ′(1). (3.26)

Putting the above form of qw in Equation (3.24), we obtain the Nusselt number

that is: √
νf (1− σt)

S

1

x
Nux = −θ′(1), (3.27)

Nu = −θ′(1), (3.28)

where Nu =
√

νf (1−σt)
S

1
x
Nux.

3.3 Solution Methodology

In order to find the solution of the problem under discussion, a finite different

scheme namely the Keller box method, has been implemented [81]. The algorith-

mic form of this method is presented on page 38 and 39.

The thermophysical properties of base fluid and nanoparticles with their units are

given in the Table 3.1 (see Hussain et al. [91] )

ρ cp k δel
Kg m−3 JKg−1K−1 Wm−1K−1 (Ωm)−1

Pure water (H2O) 997.1 4179 0.6130 0.05
Copper (Cu) 8933 385.0 401.00 5.96 ×107

Alumina (Al2O3) 3970 765.0 40.000 1×10−10

Table 3.1: Thermophysical properties of the base fluid and nanoparticles.
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In order to validate our code, the numerical value of the Nusselt number and skin

friction coefficient presented by Dogonchi et al. [83] and Mustafa et al. [92] are

successfully reproduced. The comparison of the values of the Nusselt number and

skin friction coefficient has been shown in the Table 3.2 which shows an excellent

agreement.

S Dogonchi [83] Mustafa [92] Present
−f ′′(1) − θ′(1) −f ′′(1) − θ′(1) −f ′′(1) − θ′(1)

-1 2.170091 3.319888 2.170090 3.319899 2.170075 3.319851
-0.5 2.617403 3.129491 2.614038 3.129491 2.617395 3.129470
0.01 3.007133 3.047091 3.007134 3.047092 3.007134 3.047092
0.5 3.336449 3.026323 3.336449 3.026324 3.336459 3.026342
2 4.167041 3.113386 4.167389 3.118551 4.167431 3.118617

Table 3.2: For different values of S and for fixed values of Pr = Ec = 1 and
δ = 0.1.

3.4 Discussion on Results

In this section, the numerical solution of the system of nondimensional bound-

ary value problem (3.14)–(3.16) has been presented. A discussion on the physical

significance of these results has also been included. Table 3.3 explains the ef-

fect of different physical parameters on the Nussselt number and the skin friction

coefficient of copper–water and alumina–water. As the value of the squeezing

parameter sq is increased, the upper plate moves in the downward direction and

pressure is applied on the nanofluid present between the two plates which increases

its temperature and Nusselt number is enhanced for both the copper–water and

the alumina–water. As the upper plate moves in the downward direction, the fluid

friction at the plate increases. As a result, the skin friction coefficient increases

as evident from the Table 3.3. The same behaviour is observed for the negative

values of the squeezing parameter. From the table, it can be seen that the Nusselt

number increases as the upper plate moves in the upward direction. Initially, the

temperature of the nanofluid decreases so the fluid absorbs the heat energy from

the upper plate as its temperature is higher than that of the fluid. Enhancement

in the relaxation time parameter, results in the decline in the heat transfer rate in
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both cases of Cu/Al2O3−water.

Thermal relaxation parameter, Eckert number and the local Eckert number have

a negligible effect on the skin friction coefficient of the nanofluid. As the values

of the Eckert and local Eckert numbers increase, the value of the Nusselt number

increases. For greater values of the Eckert number means the rise in temperature

of fluid with its motion. The increasing values of the magnetic parameter M

causes an increase in heat transfer rate of the fluid as well as the skin friction.

Due to the increasing values of the volumetric fraction of the nanoparticles, there

is a small decrease in the skin friction coefficient also the values of the Nusselt

number decreases. Heat transfer rate reduces for greater values of the thermal

stratification.

sq βe Ecx Ec M φ1 S1 Cu–water Al2O3–water

Cf Nu Cf Nu

1.0 0.5 0.5 0.5 3 0.04 0.2 1.3440 1.4074 1.3413 1.6378
0.5 0.2886 1.5470 0.2905 1.5951
2.0 4.7311 12.2607 4.7267 21.6778
-0.5 3.4274 6.0599 3.4275 6.3360
-1.0 4.9317 13.8014 4.9309 17.0857
-2.0 7.8046 1.9047 7.8020 14.1391

0.0 1.3440 1.4020 1.3413 1.6042
0.9 1.3440 1.4036 1.3413 1.6463

0.3 1.3440 1.6388 1.3413 1.8679
0.9 1.3440 0.9447 1.3413 1.1778

0.3 1.3440 1.0356 1.3413 1.1941
0.9 1.3440 2.1511 1.3413 2.5253

1 1.2177 3.2587 1.2168 3.4825
5 1.4644 -2.3432 1.4601 -2.1035

0.02 1.3574 1.3580 1.3575 1.4733
0.06 1.3338 1.4447 1.3268 1.7880

0.0 1.3440 1.6715 1.3413 1.9137
0.4 1.3440 1.1434 1.3413 1.3620

Table 3.3: Reduced Nusselt number and skin friction coefficient for copper–
water and alumina–water when Pr = 6.2

Figures 3.2-3.3 reflect the effect of the squeezing parameter on the velocity profile.

Figure 3.2 is plotted for the positive values of the squeezing parameter sq which

physically means that the upper plate is moving towards the lower plate. The
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graph indicates that the velocity is at a rise with the growing values of sq. The

opposite happens in the case when the upper plate moves away from the lower

plate, as it can be seen in Figure 3.3 that velocity decreases for the decreasing

negative values of sq.

The behavior of temperature profile for the increasing positive values of the squeez-

ing parameter is observed in Figure 3.4. The Figure demonstrates that the tem-

perature rises as the values of sq increases. The behavior suggests that the inter-

molecular distances shrink between the atoms of the fluid causing more collisions

between the atoms as the fluid flows between the plates giving a rise in the tem-

perature of the fluid. The rise in temperature is more pronounced when the Cu

nanoparticles are used in comparison with the Al2O3 nanoparticles.

Figures 3.5 and 3.6 show a discussion on the entropy variation in the system with

the variation in the squeezing parameter. Looking at the graphs, we conclude

that in both the cases i.e., the negative values of the squeezing parameter or the

positive values of the squeezing parameter, the entropy at the lower plate is very

high as compare with the entropy at the upper plate. This is due to the fact that

both the contributing factors of the entropy i.e., the fluid friction and the heat

transfer factor have higher values at the lower plate. The variation of the entropy

is more pronounced in the case of negative squeezing parameter.

Figure 3.7 give the variation in the Bejan number for increasing values of the

squeezing parameter. There is a gradual increase in the Bejan number at the

lower plate suggesting as the two plates come closer the entropy generation at the

lower plate is dominated by the fluid friction factor and the opposite happens at

the upper plate. In Figure 3.8 the value of the Bejan number increases near both

the plates as the negative values of the sqeezing parameter increases which is an

indication of the domination of the heat transfer irreversibility factor in entropy

generation.

Figure 3.9 gives an account of the behavior of the temperature profile for the

variation of the relaxation time parameter. It is observed in the figure that as

we move away from the lower plate towards the upper, the temperature falls for
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the rising values of βe. Physically, the growing values of the relaxation time

parameter lead to a delay in the thermal change in the system, which results in

lower temperature of the system.

Eckert number gives an idea about the heat dissipation that is caused in the

system. Greater value of Eckert number shows that the advective transport has a

greater role to play in the heat transfer as compared with the enthalpy difference

of the system. The effects of Eckert number on the temperature profile, entropy

and the Bejan number are discussed in Figures 3.10-3.12. Figure 3.10 shows an

increase in the temperature profile as we increase the value of the Eckert number

which is obvious for its contribution in the heat dissipation. The entropy of the

system increases with an increase in the Eckert number as seen in figure 3.11. At

the lower plate, the increasing values of the Eckert number have a greater effect

due to the advective tranport factor.

The Bejan number is plotted for growing values of Eckert number in Figure 3.12.

The impact of increasing the Eckert number can be seen in the form of a increase

in the Bejan number which is a suggestion that an increase in the Eckert number

leads to a greater entropy due to the heat transfer irreversibility.

Figure 3.13 reveals the effect of magnetic parameter on the velocity profile. The

greater values of Hartmann number result in a decline in the velocity of the fluid

near the lower plate but opposite behaviour is seen near the upper plate. This is

because an increase in the Lorentz forces halts the flow of the fluid at the lower

plate. The resistance to the flow gives rise to the temperature of the fluid as

evident from Figure 3.14.

The entropy of the system seems to be greater at the lower plate for the growing

values of the magnetic parameter but as we move towards the upper plate, the

entropy is reduced which can be observed from Figure 3.15. The Bejan number’s

plot in Figure 3.16 for varying the magnetic parameter reveals that at both the

plates the entropy is dominated by heat transfer irreversibility. Figure 3.17 dis-

cusses the effect of the volume fraction of the nanoparticles on the temperature

profile. It is observed that the increasing the volume fraction of both the alumina
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or Cu nanoparticle leads to a decrease in the temperature. This is an indication

that the nanoparticles take the heat away from the boundary layer as the fluid

flows.

It is interesting to note that the entropy of the system is lower for greater volume

fraction φ1 for either of the nanoparticles. The entropy in case of the alumina

nanoparticles is greater than that for the Cu nanoparticles for a given value of φ1

(see Figure 3.18).

The Bejan number is examined for changing values of φ1 in Figure 3.19. Similar to

the previous observations for the Bejan number, the entropy at the lower plate is

mainly because of the fluid friction effect. This behavior is due to the fact that the

lower plate is in motion along the horizontal direction, so the inertial effects lead

to a rise in the fluid friction near the plate. The entropy due to the fluid friction

becomes maximum when η is around 0.3. But as we move away from the lower

plate, the effect of entropy due to heat transfer irreversibility becomes dominant

at around η = 0.85.
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3.5 Conclusion

The numerical results obtained by making use of the Keller box method revealed

the following observations:

• The increasing values of the magnetic parameter M reduce the velocity but

increase the temperature in the boundary layer as well as the entropy of the

system.

• Higher positive squeezing parameter values result in an increase in the veloc-

ity of the fluid due to the added pressure exerted by the plate while negative

growth of sq results in a decrease in the velocity of the fluid. The tempera-

ture of the fluid rises for the rise in sq. The entropy of the system is inclined

for the increasing values of sq.

• The temperature of the system seems to be decreasing for the increasing

values of the volume fraction φ1 as well as the entropy of the system increases.
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• The growing local Eckert numbers Ecx enhance the temperature and the

entropy of the system.

• A rise in the relaxation time parameter βe results in the fall of the temper-

ature of the fluid.



Chapter 4

Study of Micropolar Nanofluids

with Power-law Spin Gradient

Viscosity Model

4.1 Introduction

The spin gradient viscosity with power-law model and its effects on the heat trans-

fer capabilities of the nanofluids have been examined. The theoretical analysis

provides an insight into the heat conduction properties of the shear thinning and

the shear thickening fluids. Boundary layer approximation based nonlinear PDEs

are transformed into the nonlinear self-similar ODEs. In self-similar flows, the

effect of the unbounded domain has local effect and the solution to the problem is

valid in all the regions describing the fluid properties. The PDEs of fluid dynam-

ics that describe the flow, contains dependent and independent variables that can

be scaled in a manner that the problem reduces to a system of ODEs. The self-

similar problem in the present chapter has been efficiently handled by a reliable

finite difference scheme of Keller Box (KBM). KBM is a second order convergent

unconditionally stable scheme, which is conditionally stable. The results demon-

strate that the heat exchange in the nanofluids is affected substantially by the

61
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index exponent and the modified material parameter. In addition, the physical

quantities of interest from the engineering perspective, the Nusselt and the Sher-

wood numbers, are calculated to examine the heat and mass transport efficiency of

the nanofluids. It is discovered that the temperature profile augments with an up-

surge in the Brownian motion and thermophoresis parameters and decreases with

an increase in the Prandtl number and power-law index. However the concentra-

tion is down-surged with a rise in the Brownian motion parameter and Schmidt

number but increases with an upsurge in the thermophoresis parameter, Prandtl

number and the power-law index.

4.2 Mathematical Formulation

The heat and mass transfer of micropolar nanofluid with power-law spin viscosity

over the stretching surface has been considered. The flow is assumed to be steady,

laminar and two-dimensional. The shear flow is produced due to large velocity

gradient in the boundary layer controlled by the stretching surface moving with

a velocity Uw in the horizontal direction. The large particles in fluid, as shown in

Figure 4.1, represent the micropolar and small ones the nanofluid particles. The

microrotation of the micropolar particles prominently affects the viscosity of the

fluid and also its thermal conductivity. These microstructures have a significant

impact on the flow pattern and heat transport phenomena in fluids.

Figure 4.1 shows the schematic diagram of the flow. The concentration boundary

curve (CBC), temperature boundary curve (TBC) and the velocity boundary curve

(VBC) are shown in the figure. The fluid, which is outside the VBC, has no

rotation of micropolar particles in it. The temperature of the sheet is Tw which

is greater than T∞ the ambient temperature. The concentration of nano-particles

on the sheet is Cw and C∞ is the ambient concentration. The sheet has been

pulled along the horizontal positive x−axis direction due to which the micropolar

particles rotate in the anticlockwise direction. The governing equations[93] of the

two-dimensional laminar flow are:
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Figure 4.1: Flow model of the problem

∂u

∂x
+
∂v

∂y
= 0, (4.1)

u
∂u

∂x
+ v

∂u

∂y
=

(
µf + κ∗

ρ

)
∂

∂y

(
|N |n−1∂u

∂y

)
+
κ∗

ρ

∂

∂y
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|N |n−1N

)
, (4.2)

ρj

(
u
∂N

∂x
+ v

∂N

∂y

)
=

∂

∂y

(
γ
∂N

∂y

)
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(
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)
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κ
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∂
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u
∂C

∂x
+ v

∂C

∂y
=
DT

T∞

∂2T

∂y2
+DB

∂2C

∂y2
. (4.5)

The shear stress of the micropolar fluid is given as τ = − (µf + κ∗) |N |n−1∂u
∂y
−

κ∗|N |n−1N [93]. The exponent n typically lies in the range 0 < n < 1 and for

n = 1, it represents the Newtonian fluid. The spin gradient viscosity is defined as

[93]

γ =

(
µf +

κ∗

2

)
|N |n−1j = µf |N |n−1

(
1 +

K

2

)
j, (4.6)

where K is the material parameter representing the dimensionless viscosity ratio

and the inertia per unit mass j =

(
Un−2
w µfx

ρ

) 2
n+1

has dimension L2 and it

represents the local reference length for n = 1. The boundary conditions for the
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problem Eqs. (4.1)–(4.5), are as under [93]

u = Uw, v = 0, N = −m∂u

∂y
, T = Tw, C = Cw, at y = 0, (4.7)

u→ 0, v → 0, N → 0, T → T∞, C → C∞ as y →∞, (4.8)

where Uw shows the constant velocity of the sheet independent of its size and m

is a constant which ranges from 0 to 1. For m = 0, there is no angular spin in

the fluid rather it just has a very small spin near the sheet. On the other hand

for m = 1, there is maximum spin in the fluid which represents the turbulent

flow of the fluid. Here, we are using m = 1
2

so that the concentration of the fluid

remains mediator, which means that the antisymmetrical part of the stress tensor

is deleted.

To convert the constitutive Eqs. (4.1)–(4.5) into the nondimensional form, the

following similarity transforms [93] have been used.

ψ =

(
U2n−1
w xµf
ρ

) 1
n+1

f (η) , N =

(
U3
wρ

µfx

) 1
n+1

R (η) ,

η =

(
U2−n
w ρ

µfx

) 1
n+1

y, θ =
T − T∞
Tw − T∞

, φ =
C − C∞
Cw − C∞

.

 (4.9)

Using the above similarity transforms in Eqs. (4.1)–(4.5), the following non-

dimensional ordinary differential equations can be achieved.

(1 +K) |R|n−1
(
f ′′′ + (n− 1)

R′

R
f ′′
)

+Kn|R|n−1R′ + 1

n+ 1
ff ′′ = 0, (4.10)(

1 +
K

2

)
|R|n−1

(
(n− 1)

R′2

R
+R′′

)
−K|R|n−1 (2R + f ′′)

+
1

n+ 1
(f ′R + fR′) = 0, (4.11)

|R|n−1
(
θ′′ + (n− 1)

R′

R
θ′
)

+ Pr

(
1

n+ 1
fθ′ +Nb θ′ φ′ +Nt θ′2

)
+ (1 +K)Ec|R|2(n−1)f ′′2 = 0, (4.12)

φ′′ +
1

n+ 1
Scfφ′ +

Nt

Nb
θ′′ = 0. (4.13)

The dimensionless boundary conditions are:
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f(η) = 0, f ′(η) = 1, R(η) = − 1

m
f ′′(η), θ(η) = 1, φ(η) = 1, at η = 0, (4.14)

f ′(η) = 0, R(η) = 0, θ(η) = 0, φ(η) = 0, as η →∞. (4.15)

The formulae of different parameters used in the above dimensionless model are:

Nb = τ1DB (Cw − C∞)

(
ρ2xn−1

U3n−3
w µ2

f

) 1
n+1

, Nt = τ1DT
Tw − T∞
T∞

(
ρ2xn−1

U3n−3
w µ2

f

) 1
n+1

Pr =
cpµf
κ

, Ec =
1

cp

(
U12n
w ρ3n−1

xµ3n−1
f

) 1
n+1

and Sc =

(
U3n−3
w µ2

f

DBρ2xn−1

) 1
n+1

.

Regarding their applications in the engineering industry, Nusselt and Sherwood

numbers are given significant importance in the heat and mass transfer analysis.

Nusselt number that is the heat transfer rate whereas Sherwood number is the

mass transfer rate for the shear flow. These two are respectively formulated as

shown below:

Nux =
xqw

knf (Tw − T∞)
, Shx =

xqm
DB (Cw − C∞)

,

where knf = κ|N |n−1, qm = −DB
∂C

∂y

∣∣∣∣
y=0

and qw = −κ
(
|N |n−1∂T

∂y

)
y=0

.

Using these expressions for qw, knf and qm and after some necessary simplifications,

one can easily get

Nu =
Nux

Re
1

n+1
x

= −θ′(0) and Sh =
Shx

Re
1

n+1
x

= −φ′(0),

where Rex =
ρ xn U2−n

w

µf
is the local Reynolds number.

4.3 Solution Methodology

Grid test was conducted to ensure that the solution of the problem is indepen-

dent of the mesh grid. Different values of the step size and different values at
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boundary are considered corresponding to the fixed values of the parameters

Nb = Nt = 0.1, Le = K = n = 1, Ec = 0.5 and Pr = 2 and values of re-

duced Nusselt number and reduced Sherwood number has been calculated. It is

clear from the values of Nusselt and Sherwood numbers for .002 and 0.001 that

values are independent mesh size and η∞.

Keller box method, which is an unconditionally stable finite difference scheme

Step Size Nu Sh
h η∞ = 5 η∞ = 10 η∞ = 12 η∞ = 5 η∞ = 10 η∞ = 12

0.2 0.585364 0.595767 0.595915 0.111289 0.086616 0.086753
0.1 0.582010 0.592523 0.595915 0.114520 0.086615 0.086753
0.05 0.580378 0.590986 0.591132 0.116047 0.090816 0.090954
0.02 0.579395 0.590091 0.590237 0.116959 0.091575 0.091712
0.01 0.579057 0.589797 0.589943 0.117275 0.091822 0.091959
0.008 0.578987 0.589739 0.589884 0.117342 0.091971 0.092008
0.005 0.578879 0.589711 0.589796 0.117445 0.092018 0.092012
0.002 0.578762 0.589709 0.589708 0.117561 0.092018 0.092019
0.001 0.578762 0.589708 0.589708 0.117561 0.092017 0.092018

Table 4.1: Values of Nusselt and Sherwood numbers for different values of h
and η∞

with a second order convergence [81] has been used to solve the system of non-

linear ODEs (4.10)-(4.13) along with the boundary conditions (4.14) and (4.15)

numerically. The present section includes the detailed procedural description of

this method. A flow chart summarizing the computational procedure of the Keller

box method is shown in Figure 4.2.

Start

Conversion of higher order to first order ODEs

Domain discretization

Linearized by Newtons method

Formation of the block tridiagonal of the form

A δ = r

Solution A δ = r by Thomas algorithm

Updation of solution vector A δ = r

Finish

Termination Critria

Yes

No

Figure 4.2: Flow Chart: Keller box method
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To have a more insight of the Keller box method applied to a problem of similar

nature, [94] can also be consulted. The first step of this procedure is to write the

equations (4.10)-(4.13) as defined under.

f ′′′ = g (η, f, f ′′, R,R′) , (4.16)

R′′ = h (η, f ′′, R,R′) , (4.17)

θ′′ = k (η, f, R,R′, θ′, φ′) , (4.18)

φ′′ = l (η, f, θ′′, φ′) . (4.19)

In the second step, convert the equations (4.16)-(4.19) to a system of first order

ODEs as

f ′ = u, (4.20)

u′ = v, (4.21)

R′ = G, (4.22)

θ′ = t, (4.23)

φ′ = p, (4.24)

v′ = g (η, f, v, R,G) , (4.25)

G′ = R (η, v, R,G) , (4.26)

t′ = k (η, f, R,G, t, p) , (4.27)

p′ = l (η, f, t′, p) . (4.28)

With the newly introduced variables, the boundary conditions become:

f(η) = 0, u(η) = 1, R(η) = − 1

m
v(η), θ(η) = 1, φ(η) = 1, at η = 0, (4.29)

u(η) = 0, R(η) = 0, θ(η) = 0, φ(η) = 0, as η →∞. (4.30)

Now, the system of ODEs (4.20)-(4.28) will be discretized as the third step in the

following sense:

(f ′)
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j− 1

2
= (u)i+1

j− 1
2
, (4.31)

(u′)
i+1
j− 1

2
= (v)i+1

j− 1
2
, (4.32)

(R′)
i+1
j− 1

2
= (G)i+1

j− 1
2
, (4.33)
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2
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, (4.35)
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2
, vi+1
j− 1

2

, Ri+1
j− 1

2

, Gi+1
j− 1

2

)
, (4.37)

(t′)
i+1
j− 1

2
= k

(
ηj− 1

2
, f i+1
j− 1

2

, Ri+1
j− 1

2

, Gi+1
j− 1

2

, ti+1
j− 1

2

, pi+1
j− 1

2

)
, (4.38)

(p′)
i+1
j− 1

2
= l
(
ηj− 1

2
, f i+1
j− 1

2

, (t′)i+1
j− 1

2

, pi+1
j− 1

2

)
, (4.39)

where, (()′)i+1
j− 1

2
=

()i+1
j − ()i+1

j−1

h
and ()i+1

j− 1
2

=
()i+1
j + ()i+1

j−1

2
. Eqs. (4.31)-(4.39)

are linearized by the Quasi Newton linearization procedure in the fourth step as

follows:

()i+1
j = ()ij + δ ()ij . (4.40)

The fifth step introduces the vectors of unknowns as:

δf0 = 0, δu0 = 0, δR0 = 0, δθ0 = 0, δφ0 = 0, δuJ = 0, δGJ = 0, δθJ = 0, δφJ = 0,

δ1 = [δv0, δG0, δt0, δp0, δf1, δv1, δG1, δt1, δp1] ,

δj = [δuj−1, δGj−1, δθj−1, δφj−1, δfj, δvj, δRj, δtj, δpj] , 2 ≤ j ≤ J.

Then the system of linear algebraic equations in the matrix form as:

Mδ = r, (4.41)

where

M =



A1 C1

B2 A2 C2

B3 A3 C3

| | |

| | |

BJ−1 AJ−1 CJ−1

BJ AJ


, (4.42)
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δ =
[
δ1 δ2 − − δJ−1 δJ

]T
, (4.43)

and

r =
[

(r1)j− 1
2

(r2)j− 1
2

(r3)j− 1
2

(r4)j− 1
2

(r5)j− 1
2

(r6)j− 1
2

(r7)j− 1
2

(r8)j− 1
2

(r9)j− 1
2

]T
,

(4.44)

where [ ]T denotes the transpose of [ ].

Also the matrices A1 and Aj are defined as:

A1 =



0 0 0 0 1 0 0 0 0

0 0 0 0 0 −h
2

0 0 0

−1 −h
2

0 0 0 0 −h
2

0 0

0 0 −h
2

0 0 0 0 −h
2

0

0 0 0 −h
2

0 0 0 0 −h
2

(a8)1 (a10)1 (a14)1 (a18)1 (a1)1 (a5)1 (a9)1 (a13)1 (a17)1

(b8)1 (b10)1 (b14)1 (b18)1 (b1)1 (b5)1 (b9)1 (b13)1 (b17)1

(c8)1 (c10)1 (c14)1 (c18)1 (c1)1 (c5)1 (c9)1 (c13)1 (c17)1

(d8)1 (d10)1 (d14)1 (d18)1 (d1)1 (d5)1 (d9)1 (d13)1 (d17)1


(4.45)

Aj =



−h
2

0 0 0 1 0 0 0 0

−1 0 0 0 0 −h
2

0 0 0

0 −1 0 0 0 0 −h
2

0 0

0 0 −1 0 0 0 0 −h
2

0

0 0 0 −1 0 0 0 0 −h
2

(a4)j (a8)j (a12)j (a16)j (a1)j (a5)j (a9)j (a13)j (a17)j

(b4)j (b8)j (b12)j (b16)j (b1)j (b5)j (b9)j (b13)j (b17)j

(c4)j (c8)j (c12)j (c16)j (c1)j (c5)j (c9)j (c13)j (c17)j

(d4)j (d8)j (d12)j (d16)j (d1)j (d5)j (d9)j (d13)j (d17)j



; 2 ≤ j ≤ J,

(4.46)
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The matrix Bj is given by

Bj =



0 0 0 0 −1 0 0 0 0

0 0 0 0 0 −h
2

0 0 0

0 0 0 0 0 0 −h
2

0 0

0 0 0 0 0 0 0 −h
2

0

0 0 0 0 0 0 0 0 −h
2

0 0 0 0 (a2)j (a6)j (a10)j (a14)j (a16)j

0 0 0 0 (b2)j (b6)j (b10)j (b14)j (b16)j

0 0 0 0 (c2)j (c6)j (c10)j (c14)j (c16)j

0 0 0 0 (d2)j (d6)j (d10)j (d14)j (d16)j



, (4.47)

where 3 ≤ j ≤ J,

The matrix Cj is defined as:

Cj =



−h
2

0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

(a3)j (a7)j (a11)j (a15)j 0 0 0 0 0

(b3)j (b7)j (b11)j (b15)j 0 0 0 0 0

(c3)j (c7)j (c11)j (c15)j 0 0 0 0 0

(d3)j (d7)j (d11)j (d15)j 0 0 0 0 0



, (4.48)

where 2 ≤ j ≤ J − 1.

Then, the LU factorization is applied to the system (4.41) to determine the vector

of unknowns δ. The solution vector is updated by the expression given in (4.40).

In order to verify our Matlab code, the numerical values of the Nusselt number

are calculated by using Keller box method code and presented in Table 4.2 which

are matched with the values of Nusselt number reported by Mustafa [95]. Mustafa

used a collocation based MATLAB routine for finding the solution of the governing

model.
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Present
Nt M α Pr Mustafa [95] Keller box bvp4c

0.1 0.5 0.25 7 0.407717 0.407717 0.407717
0.3 0.5 0.25 7 0.347439 0.347441 0.347439
0.5 0.5 0.25 7 0.289524 0.289522 0.289522
0.7 0.5 0.25 7 0.180515 0.238632 0.238638
0.5 0.2 0.25 7 0.399324 0.399324 0.399324
0.5 0.4 0.25 7 0.323281 0.323281 0.323280
0.5 0.8 0.25 7 0.206541 0.206513 0.206516
0.5 0.5 0.0 10 0.339731 0.339731 0.339725
0.5 0.5 0.2 10 0.330622 0.330620 0.330619
0.5 0.5 0.5 10 0.315646 0.315647 0.315646
0.5 0.5 1.0 10 0.288854 0.288855 0.288855
0.5 0.5 0.25 5 0.254657 0.254656 0.254654
0.5 0.5 0.25 6.2 0.276789 0.276788 0.276787
0.5 0.5 0.25 8 0.303769 0.303772 0.303769
0.5 0.5 0.25 13 0.358263 0.358265 0.358263

Table 4.2: Nusselt number for different values of Nt,M,α and Pr and for the
fixed values of parameters γ = 0.25, Nb = 0.5 and Sc = 10.

4.4 Discussion on Results

In this section the solution of the system of nondimensional boundary value prob-

lem (4.10)–(4.15) has been presented in the form of tables and graphs with a brief

description on the physical significance of the pertinent physical parameters. The

Nussselt and the Sherwood numbers corresponding to different physical param-

eters are included in Table 4.3. By increasing the Brownian motion parameter

Nb, the value of the Nusselt number starts decreasing but an opposite trend is

seen in the Sherwood number. Due to an increase in the Brownian motion of

nano-particles in the fluid, the heat transfer rate is increased which is reason of

the decrease in the Nusselt number and on the other hand the concentration of

the fluid increases. A decrement in the heat and mass transfer rates is witnessed

when the thermophoresis parameter is increased. An enhancement in the Prandtl

number leads to an increment in the Nusselt number but an opposite trend is seen

for Sherwood number. As the value of the Schmidt number increases, the value of

the Nusselt number decreases but the Sherwood number shows an opposite trend.

The values of the Nusselt as well as the Sherwood numbers increase, with an
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increase in the spin viscosity number K. The power index number n increases the

Nusselt number but causes a decrement in the Sherwood number. CPU time is

calculated on the laptop with the specification are Core i3 2.00GHz with RAM

4GB.

Figures 4.3 and 4.4 elaborate the Brownian motion effect on the temperature and

Nb Nt Pr Sc K n Ec Nu Sh CPU time(seconds)
0.1 0.1 2.0 1.0 1.0 0.9 0.5 0.43010 0.25649 8.063635
0.3 0.36000 0.43217 8.070924
0.5 0.29708 0.46589 7.911895
0.7 0.24122 0.47937 8.870895

0.3 0.38668 -0.10372 8.077485
0.5 0.34722 -0.34064 8.005270
0.7 0.31144 -0.47501 8.126491

0.7 0.13119 0.46761 8.035622
5.0 0.77909 -0.022962 8.086052
6.2 0.8715 -0.10101 7.879745

0.5 0.44594 0.018951 7.966110
1.5 0.4213 0.4267 8.248886
2.0 0.41559 0.5636 8.444462

0.5 0.45006 0.22214 7.975184
1.5 0.41296 0.28392 8.617824
2.0 0.39782 0.30662 9.371674

0.75 0.33261 0.37314 11.077164
0.85 0.4007 0.29371 8.915333
0.95 0.45712 0.220 7.430111
1.00 0.48219 0.18552 6.806964
1.05 0.50568 0.15133 6.515914

0.1 0.56191 0.14634 7.913128
0.7 0.36401 0.31174 7.940444
0.9 0.29778 0.3671 7.714811

Table 4.3: Nusselt number and Sherwood number corresponding to different
values of parameters.

concentration profiles. Figure 4.3 reveals that a greater Brownian motion param-

eter increases the temperature in boundary layer. This happens because a greater

Brownian motion increases the kinetic energy of the fluid which in return makes

the temperature of the fluid high in the boundary layer.

In Figure 4.4, it is witnessed that the concentration of the nanofluid in the bound-

ary layer decreases with an increase in the Brownian motion parameter. The
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reason for this is a high concentration difference of the nano-particles with greater

values of the Brownian motion parameter, which decreases the mass transfer rate.

Figure 4.5 discusses the impact of the thermophoresis on the temperature profile.

The temperature in the boundary layer is observed to rise with an increment in

the thermophoresis parameter Nt. A thermophoretic force is produce due to the

influence of thermophrosis parameter, which moves the nanoparticles from the

hotter region to the colder region, thus the concentration of the nanoparticles is

increased in the colder region that is near the lower plate. Greater the value of the

themophoresis parameter, greater is the thermophorotic force produced. Hence

the concentration of nanoparticles is greater than 1 near the lower plate which can

be observed in Figure 4.6.

Figures 4.7-4.8 illuminate the changes in the temperature and concentration pro-

files with variation in the Prandtl number. In Figure 4.7, it can be seen that

increasing values of the Prandtl number Pr decline the temperature profile but

the boundary layer thickness is increased. Near the surface, the increasing values

of the Prandtl number increase the concentration profile but the behavior changes

as we move away from the surface as revealed in Figure 4.8. An increment in the

Prandtl number is an indication that the convective transport is dominant to the

diffusive transport in the nanofluid. Since the velocity is maximum at the plate

surface, so the convective transport effects are dominant, hence the increasing val-

ues of Prandtl number are responsible for an increase in the concentration profile.

As we move away from the surface, the convective effects are less dominant, so

greater Prandtl number reduces the concentration profile.

Figure 4.9 indicates that the growing values of the Schmidt number increase the

concentration boundary layer thickness because less mass is diffused from the

boundary. Figures 4.10-4.11 discuss the impact of rotation viscosity parameter K

on the fluid flow properties in the boundary layer. The greater K affects positively

on the velocity of the nanofluid near the wall (see Figure 4.10), which in return

reduces the effects of the angular velocity (see Figure 4.11). Thus a rise in K

decreases the angular velocity near the wall. However, as we move away from

the wall, the linear velocity tends to decrease which results in an increase in the
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angular velocity of the nanofluid. Figures 4.12-4.13 illuminate the impact of the

rotation viscosity on the temperature and concentration profiles. As the rotation

viscosity increases, both the temperature and the concentration profiles decrease.

Figure 4.14 analyzes the effect of the power-law index on the velocity of the

nanofluid. The results are produced for the case of shear thinning nanofluids.

This Figure describes that a rise in the power-law index n leads to a decline in the

fluid velocity but the velocity boundary layer thickness is enhanced. The physical

explanation to this behavior is that an increase in the power-law index decreases

the viscosity of the fluid, thus less resistance is experienced by the fluid. The

angular velocity is plotted against the variation in the power-law index in Figure

4.15. This figure shows that the shear thinning effect of the nanofluid increases the

linear velocity near the wall, which negatively affects the angular velocity. How-

ever, away form the wall, an opposite behavior is witnessed. Looking at the graph,

we observe that the behavior of the graph changes at a certain point away from

the surface. There is a point of inflection observed in the flow. Before the point

of inflection, the profile is concaved down whereas after that point, the profile is

concaved up.

Figures 4.16-4.17 narrate the impact of the power-law index on the temperature

and concentration profiles. With an augmentation in the power-law index, the

thermal profile increases but the concentration profile is found to decrease. Figure

4.18 explains the impact of Eckert number on the temperature profile. As the

Eckert number is the ratio of kinetic energy to the enthalpy of the system,so with

an enhancement in the value of the Eckert number the temperature profile of the

fluid increases. Figures 4.19-4.21 present the stream lines for different values of

the power-law index n. As the values of n are increased, the stream lines becomes

thinner. As the viscosity of the fluid is increased, the velocity is found to decline.

Figures 4.22-4.24 are plotted to portray the stream lines for different values of the

spin gradient viscosity parameter K. As we increase the values of the parameter

K, the stream lines become thinner, can be seen from colour blue to red which

expresses that with the increasing values of K, the fluid becomes dense, hence the

velocity of the fluid decreases.
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Figure 4.3: Variation in θ subject to Nb.
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Figure 4.5: Variation in θ subject to Nt.
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Figure 4.7: Variation in θ subject to Pr.
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Figure 4.9: Variation in φ subject to Sc.
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Figure 4.13: Variation in φ subject to K.
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Figure 4.15: Variation in R subject to n.
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Figure 4.17: Variation in φ subject to n.
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Figure 4.19: Stream lines for n = 0.75.

x

η

0 2 4 6 8 10
0

2

4

6

8

10

Figure 4.20: Stream lines for n = 0.85.
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Figure 4.21: Stream lines for n = 1.0.
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Figure 4.22: Stream lines for K = 0.0.
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Figure 4.23: Stream lines for K = 0.5.
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Figure 4.24: Stream lines for K = 1.0.
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4.5 Conclusion

The power-law nanofluids with power-law spin gradient viscosity model are ana-

lyzed in this study. The modeling is carried via the Buongiorno nanofluid model.

Keller box method is employed to obtain the numerical results. The key observa-

tions of this investigation have been listed down.

• The Brownian motion increases the temperature of the power-law nanofluids

but decreases the concentration profile.

• The temperature and concentration profiles seem to rise for the increasing

values of the thermophoresis parameter.

• The growing Prandtl number decreases the temperature profile but augments

the concentration profile near the wall and decreases the profile towards the

free stream.

• Schmidt number reduces the concentration profile as well as the concentra-

tion boundary layer thickness.

• The parameter K representing the strength of the rotation viscosity accel-

erates the linear flow of the nanofluid. The angular momentum near the

boundary layer wall is reduced with an enhancement in K due to a greater

concentration of the rotation particles but the profile is enhanced away from

the wall for greater K.

• The angular momentum is augmented for the shear thinning as well as the

shear thickening fluid close to the wall but away from the wall, the opposite

happens.

• The temperature profile is reduced for growing power-law index whereas the

concentration is increased.



Chapter 5

Investigation of Free Convection

in Micropolar Nanofluid with

Induced Magnetic Field

5.1 Introduction

With the advent of nanofluids, the heat transfer capabilities of conventional fluids

are enhanced dramatically, resulting in the wider use of such fluids in many en-

gineering applications as well as in the fields of physics, magnetic drug targeting,

solar collector etc [2, 91, 94, 96]. It is interesting to analyze the super heated

nanofluids in the presence of strong magnetic field with the consideration of the

induced magnetic field. Recently, Sheikholeslami and Rokni [97] explored this

aspect by considering the two phase model to look at the effect of induced mag-

netic field on a free convective nanofluidic flow between two vertical plates. The

fluid used in the study was Newtonian and incompressible. The problem, of the

hot non-Newtonian nanofluid with spin gradient viscosity has not been studied so

far. In this chapter we are focused to investigate the free convection in a non-

Newtonian micropolar fluid in the presence of transversal magnetic field taking

the induced magnetic field into account. The modeling is carried out by using

87
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the Buongiorno model. Nondimensional equations are solved by the Keller box

method and results presented in the form of tables and graphs.

5.2 Mathematical Formulation

A steady, laminar and incompressible micropolar nanofluid flow is considered be-

tween two parallel plates. The plates are assumed to be porous with suction

velocity v0 in the y-direction. The fluid velocity vector is given as −→u = [u, v0, 0].

The lower plate coincides with x-axis at y = 0 and the upper plate is situated at

y = h. A magnetic field b0 is applied normal to the flow of nanofluid. Among

the two plates, upper plate is considered to be electrically conducting while the

lower plate is non-conductor of electricity. The fluid is supposed to have sufficient

electrical conductivity of strength δel so that it induces electric current. Thus

we consider the induced magnetic field effects in the x-direction of strength bx.
−→
B = [bx, b0, 0] represents the magnetic field vector. The flow of the fluid between

the plates is occurred due to gravity as we are considering the vertical channel.

The governing equations of the model are given as:

𝑣0

𝑦 = 0

y= ℎ

𝑑𝑇

𝑑𝑦
= −

𝑞

𝑘
𝐶 = 𝐶1

𝑇ℎ = 𝑇0
𝐶 = 𝐶0

𝑥

y

𝑏𝑥

𝑢

microstructures

𝑏0

Figure 5.1: Schematic diagram of the flow model
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(
νf +

κ∗

ρf

)
d2u

dy2
+
κ∗

ρf

dN

dy
+ v0

du

dy
+
µeb0
ρf

dbx
dy

+ gβ(T − T0)

+ gβc(C − C0) = 0, (5.1)(
νf +

κ∗

2ρf

)
j
d2N

dy2
− κ∗

(
2N +

du

dy

)
+ jv0

dN

dy
= 0, (5.2)

1

µeδel

d2bx
dy2

+ b0
du

dy
+ v0

dbx
dy

= 0, (5.3)

κ

(ρcp)f

d2T

dy2
+ τ1DB

dT

dy

dC

dy
+
τ1DT

T0

(
dT

dy

)2

+ v0
dT

dy
+

µf
(ρcp)f

(
du

dy

)2

= 0, (5.4)

DT

T0

d2T

dy2
+DB

d2C

dy2
+ v0

dC

dy
= 0. (5.5)

Here, ratio of the effective heat capacity of nanoparticle material to the effective

heat capacity of the base fluid is τ1 =
(ρcp)s
(ρcp)f

. The boundary conditions have been

considered as follows [97, 98]:

u = 0, N = 0, bx = 0,
dT

dy
= − q

k
, C = C1, at y = 0, (5.6)

u = 0, N = 0,
dbx
dy

= 0, T = T0, C = C0, at y = h. (5.7)

The nondimensional form of Eqs. (5.1)-(5.5) is obtained by using the following

transformations:

Y =
y

h
, f ′ = U =

µfu

ρfgβh2∆T
, R =

µfN

ρfgβh∆T
, Bx =

√
µe
ρf

bxµf
ρfgβh2∆T

,

θ =
T − T0

∆T
, φ =

C − C0

∆C
, ∆T =

hq

k
, ∆C = C1 − C0.


(5.8)

Using the above transforms, Eqs. (5.1)-(5.5) take the form:

(1 +K)
d2f ′

dY 2
+ V0

df ′

dY
+M

dBx

dY
+K

dR

dY
+ θ +Brφ = 0, (5.9)(

1 +
K

2

)
d2R

dY 2
+ V0

dR

dY
−Kb

[
2R +

df ′

dY

]
= 0, (5.10)

d2Bx

dY 2
+ V0Pm

dBx

dY
+MPm

df ′

dY
= 0, (5.11)

d2θ

dY 2
+Nb

dθ

dY

dφ

dY
+Nt

(
dθ

dY

)2

+ V0Pr
dθ

dY
+ PrEc

(
df ′

dY

)2

= 0, (5.12)
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d2φ

dY 2
+
Nt

Nb

d2θ

dY 2
+ V0Sc

dφ

dY
= 0, (5.13)

The dimensionless form of the boundary conditions becomes:

f ′(0) = 0, R(0) = 0, Bx(0) = 0,
dθ

dY

∣∣∣∣
Y=0

= −1, φ(0) = 1,

f ′(1) = 0, R(1) = 0, θ(1) = 0,
dBx

dY

∣∣∣∣
Y=1

= 0, φ(1) = 0.

 (5.14)

Here,

Pr =
µfcp
k

, Pm =
µf
ρf
µeδel, M =

B0h

νf

√
µe
ρf
, V0 =

v0h

νf
,

Sc =
µf

ρfDB

, Nt =
τDT∆T

αT0
, Nb =

τ1DB∆C

α
, K =

κ∗

µf
,

α =
k

(ρcp)f
, Ec =

ρ2fg
2β2h4

µ2
fcp

, Br =
βc∆C

β∆T
.

Nusselt number is the measure of the heat transfer by the process of convection to

conduction. When Nusselt number is greater than 1, the convective heat transfer

dominates the conductive one. In the present study, Nusselt number is calculated

at the lower plate, where there exists a constant heat flux. The local Nusselt

number has been formulated as:

Nux =
hqw

(T − T0)
.

Here, qw = −dT
dy

∣∣∣∣
y=0

. Making use of the introduced nondimensional variables, we

get the nondimensionalized form of Nusselt number as

Nu =
1

θ(0)
.

The dimensional form of the skin friction is defined as

Cfx = (µf + κ∗)
du

dy

∣∣∣∣
y=0

+ κ∗N

∣∣∣∣
y=0

.

The nondimensional form of the skin friction is given by
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Cf = (1 +K)U ′(0) +KR(0).

The dimensional form of the Sherwood number is defined as

Shx =
hqm

DB (C1 − C0)
.

Here, qm = −DB
dC

dy

∣∣∣∣
y=0

. The nondimensional form of the Sherwood number is

given by

Sh = −φ(0).

5.3 Solution Methodology

The grid study is carried out in order to determine weather Matlab code has

attained same values for a particular step size. In Table 5.1 the values of step

size h are varied and the corresponding values of Nusselt number Nu, skin friction

coefficient Cf and reduced Sherwood number Shx have been calculated. It is

observed that from 0.002 the values of the above mentioned parameters does not

change rather it just increases the calculation time only.

h Nux Cf Shx

0.1 9.8098084 0.18970668 0.647216495
0.05 9.8098684 0.18976672 0.647851191
0.02 9.8099041 0.18978359 0.64802846
0.01 9.8099100 0.18978600 0.64805377
0.008 9.8099107 0.18978630 0.64805680
0.005 9.8099115 0.1897866 0.64806009
0.002 9.8099119 0.1897868 0.6480619
0.001 9.8099119 0.1897868 0.6480621
0.0008 9.8099119 0.1897868 0.6480621
0.0005 9.8099119 0.1897868 0.6480622
0.0002 9.8099119 0.1897868 0.6480622
0.0001 9.8099119 0.1897868 0.6480622

Table 5.1: Values of reduced Nusselt number, skin friction coefficient and
Sherwood number corresponding to different values of step size
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The nonlinear boundary value problem (5.9)-(5.14) has been solved by the Keller

box method. Details of the method can be found in [76, 94]. The implicit Keller

box scheme is unconditionally stable with second order accuracy [76]. The layout

of the scheme is given as follows

• Equations (5.9)-(5.13) subject to the boundary conditions (5.14) are con-

verted to the following system of ten first order ordinary differential equa-

tions.

f ′ = Y1,

dY1
dY

= Y2,

R = Y3,

dY3
dY

= Y4,

Bx = Y5,

dY5
dY

= Y6,

θ = Y7,

dY7
dY

= Y8,

φ = Y9,

dY9
dY

= Y10,

(1 +K)
dY2
dY

+ V0Y2 +MY6 +KY4 + Y7 +BrY9 = 0,(
1 +

K

2

)
dY4
dY

+ V0Y4 −K [2Y3 + Y2] = 0,

dY6
dY

+ V0PmY6 +MPmY2 = 0,

dY8
dY

+Nt (Y8)
2 + V0PrY8 +NbY8Y10 + PrEcY2 = 0,

dY10
dY

+
Nt

Nb

dY8
dY

+ V0ScY10 = 0.

• The resulting system is discretized by using central differences for the average

values and derivatives for the functions as,
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(Y∗)j− 1
2

=
(Y∗)j + (Y∗)j−1

2
,(

dY∗
dY

)
j− 1

2

=
(Y∗)j − (Y∗)j−1

h
.

• The nonlinear difference equations are linearized by the Newton’s method in

the following sense,

(Y∗)
i+1
j = (Y∗)

i
j + δ (Y∗)

i
j .

• The resulting linear system is written in the matrix form Mδ = r.

• The vector of unknowns δ is obtained by solving the system Mδ = r by using

LU -decomposition method.

• Updation is made to the solution vector and the process is continued until

a required accuracy of 10−5 is achieved.

The code validity is carried out by a comparison of the numerical results to those

of the exact solution obtained by Sheikhaleslami and Rokini [97]. An acceptable

agreement is seen among the two results shown in the Table 5.2.

V0 Nt [97] Present results

0.2 0.01 2.227115 2.227093
0.4 3.967202 3.967162
0.6 5.893628 5.893601
1 9.855793 9.855790

0.2 0.1 2.19512 2.19510
0.4 3.945781 3.945741
0.6 5.878403 5.878375
1 9.846286 9.846283

0.2 0.4 2.082635 2.082615
0.4 3.872812 3.872771
0.6 5.827099 5.827071
1 9.814468 9.814465

Table 5.2: Comparison of the present skin friction coefficient results to the
previous results
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5.4 Discussion on Results

Tables 5.3 and 5.4 provide a numerical discussion on the sundry parameters which

affect the heat transfer rate and measure the drag force at the boundary. The

analysis of heat transfer rate for the increasing values of the parameters has been

presented in Table 5.3. Brownian motion parameter Nb and the thermophoresis

parameter Nt have a similar effect on the Nusselt number, which decreases in both

the cases. Prandtl number which is a measure of the conductive to the convective

heat transfer leads to an enhancement in the heat transfer rate. Nusselt number

is also seen to be augmented for the increasing values of the suction parameter

while in the case of Eckert Ec and Schmidt numbers Sc, a reduction in the Nusselt

number is witnessed. It is very clear from observing the Nusselt number with and

without viscous dissipation that there is very small difference in the values of the

Nusselt number. Which means impact of viscous dissipation is negligibly small so

it can be neglected.

Nt Nb Pr V0 Sc Ec Nux CPU time Nux without
(seconds) Eckert Number (Ec = 0)

0.1 0.1 10 1 1 0.4 9.8099 3.82324 9.8463
0.01 9.8245 3.767462 9.8558
0.2 9.7932 3.672609 9.8357
0.4 9.7582 3.866581 9.8145

0.06 9.8631 3.758748 9.9037
0.2 9.6699 3.873469 9.7029
0.4 9.3866 3.895994 9.4172

0.71 1.2779 4.349903 1.2787
5 4.8738 3.818335 4.8843
7 6.8348 3.928434 6.8538

0.2 2.1743 3.021916 2.1951
0.4 3.9196 3.224561 3.9458
0.6 5.8474 3.394473 5.8784

0.1 9.8385 4.145291 9.8864
0.5 9.8268 3.986185 9.8693
2 9.7704 3.957690 9.7965

0.1 9.8372 3.969025
0.7 9.7828 3.855780
0.9 9.7647 4.013388

Table 5.3: Impact of pertinent parameters on the Nusselt number withM = 5,
Pm = 0.8, K = 1, Br = 1.
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In Table 5.4, pertinent parameters’ effects on the skin friction coefficient are dis-

cussed. Hartmann number M drags the fluid away from the plates thus the friction

between the fluid and the plates decreases which is evident from the table. A sim-

ilar impact can be seen in the case of magnetic Prandtl parameter. A rise in the

buoyancy ratio leads to a greater convection flow which increases the skin friction

coefficient. Coupling stress effect of the rotating particles is analyzed by the way

of material parameter K and it is found that the skin friction is reduced with an

increment in the values of K.

M Pm Br V0 K Cf CPU time(seconds)

5 0.8 1 1 1 0.1898 3.162722
10 0.1066 3.108670
15 0.0732 3.100924
20 0.0557 3.096294

0.2 0.2926 3.488297
0.4 0.2526 3.059966
0.6 0.2189 3.212606

0.1 0.0258 3.365033
0.5 0.0987 3.335825
2 0.3718 3.937914

0.2 0.3046 2.182631
0.4 0.2508 2.578329
0.6 0.2231 2.800321

0.5 0.1730 3.747141
1.5 0.2029 3.128487
2 0.2137 2.960538

Table 5.4: Impact of pertinent parameters on the skin friction with Ec = 0.4,
Nb = 0.1, Nt = 0.1, Sc = 1, Pr = 10.

The graphs of Sherwood number Sh are plotted for the different values of Brownian

motion parameter, thermophrosis parameter and Schmidt number in Figures 5.2

to 5.4. The impact of the magnetic parameter on the velocity, angular velocity

and induced magnetic field is discussed in Figures 5.5–5.7. Hartmann number is a

measure of the strength of the applied magnetic field. Greater Hartmann number

means stronger Lorentz forces which affects the flow of the nanofluid negatively

and increases the heat dissipation. Figure 5.5 reveals that the increasing values

of the magnetic parameter has a halting effect on the fluid velocity as it is seen

shrinking for the growing M . In case of the angular momentum, in Figure 5.6, the
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angular velocity is found increasing near the lower plate but moving towards the

upper plate, the opposite happens as the angular velocity starts decreasing with a

stronger magnetic field. In Figure 5.7, the strength of the induced magnetic field

is found to grow with a more stronger magnetic field which is consistent with the

physics of the phenomenon.

Impact of the material parameter K is investigated through Figure 5.8–5.10. A

rise in the material number increases the resistance due to the rotation viscos-

ity. This implies that the greater rotation viscosity will affect the linear velocity

negatively but the angular velocity positively. Figure 5.8 gives an account of the

velocity variation due to K. The velocity profile can be observed to shrink for a

stronger rotation viscosity which shows that the coupled stress affects reduces on

the velocity of the fluid. The angular velocity is observed to be decreased with

a rise in K near the lower plate but as we move towards the upper plate, the

contrasting behavior can be seen in the profile (see Figure 5.9). In Figure 5.10, it

is interesting to note that the induced magnetic field is an increasing function of

the material parameter K. Buoyancy ratio effect on the velocity, angular velocity

and the induced magnetic field is presented through figures 5.11–5.13. The Figure

5.11 reveals that a greater buoyancy ratio tends to increase the velocity of the

fluid. In the physical sense, it means that a growth in convection increases the

velocity of the fluid. The angular velocity has negative values near the lower plate

and positive values near the upper plate depicting the coupled stress effects of the

rotating particles. Angular boundary thickness is enhanced with an augmentation

in the buoyancy ratio. Near the lower plate, a rise in the buoyancy ratio increases

the angular momentum in the reverse direction while a transition is seen as we

move towards the upper plate and the profile is more enhanced. In Figure 5.13, the

induced magnetic field is found to be a decreasing function of Br which indicates

that the induced magnetic field effects are reduced when a higher convection takes

place.

Velocity profile, angular velocity and induced magnetic field are plotted against the

magnetic Reynolds number in figures 5.14–5.16. It can be seen that the velocity is

reduced while the angular velocity magnitude increases with an augmentation in
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the magnetic Reynolds number (Figure 5.14 & Figure 5.15). The induced magnetic

field is seen to decrease for the rising values of Pm (Figure 5.16). The Schmidt

number’s influence on the temperature and concentration profiles is discussed in

figures 5.17–5.18. Figure 5.17 illustrates that the temperature profile augments

with an increment in the Schmidt number which suggests that the temperature

is dominately increased by the way of convection in the nanofluid and the tem-

perature boundary layer thickness is reduced. The concentration profile is plotted

for the variation in the Schmidt number in Figure 5.18. It is observed that the

concentration profile is decreased for the increasing values of the Schmidt number.

An investigation of the impact of the suction parameter on the velocity, angular

velocity, induced magnetic field and the temperature profiles is carried out in

figures 5.19–5.22. Figure 5.19 reveals that the velocity of the fluid tends to decrease

with an increment in the suction parameter. A similar behavior can be seen in the

case of the angular momentum in Figure 5.20 as the angular momentum profile

shrinks for high suction but the induced magnetic field (Figure 5.21) is augmented

for the increasing values of suction parameter. The temperature of the nanofluid

is observed to fall in Figure 5.22 as the suction velocity is increased. Figure

5.23 presents the impact of Brownian motion on the fluid properties. Figure 5.23

reflects that the temperature profile shows a rise with a growth in the random

motion of the nanoparticles while the concentration profile of the nanofluid tends

to decline as can be seen in Figure 5.24. The thermophoresis parameter impact

is analyzed through figures 5.25–5.28. In Figure 5.25, we find that the velocity

of the fluid is enhanced with the growing values of the thermophoresis parameter

but the angular momentum has a contrasting behavior as it is shortened for the

increasing thermophoresis parameter as evident from Figure 5.26. The induced

magnetic field is declined with an inclination in the values of Nt (see Figure 5.27)

and similarly the concentration profile also increases with a rise in Nt (see Figure

5.28). Figures 5.29 and 5.30 show that the coupled effect of significant parameters

on the skin friction of the nanofluid. There is an exponential growth in the heat

transfer rate with a gradual increase in both the Prandtl number and the suction

velocity simultaneously as evident from Figure 5.31.
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Figure 5.2: Impact of Brownian motion parameter Nb on Sherwood number
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Figure 5.3: Impact of Thermophrosis parameter Nt on Sherwood number
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Figure 5.4: Impact of Schmidt number Sc on Sherwood number

0 0.2 0.4 0.6 0.8 1
    0

0.002

0.004

0.006

0.008

 0.01

0.012

0.014

    0

f′

Y

M = 5, 10, 15, 20

Pr = 10, Sc = V
0
 = Br = K = Pm = 1,

Nb = Nt = 0.1, Ec = 0.4

Figure 5.5: Impact of Hartmann number M on the velocity.
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Figure 5.6: Impact of Hartmann number M on the angular momentum.
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Figure 5.7: Impact of Hartmann number M on the induced magnetic field.
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Figure 5.8: Impact of rotation parameter K on the velocity.
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Figure 5.10: Impact of rotation parameter K on the induced magnetic field.
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Figure 5.12: Impact of buoyancy ratio Br on the angular momentum.
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Figure 5.13: Impact of buoyancy ratio Br on the induced magnetic field.
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Figure 5.15: Impact of magnetic Prandtl number Pm on the momentum.
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Figure 5.16: Impact of magnetic Prandtl number Pm on the induced magnetic
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Figure 5.17: Impact of Schmidt number Sc on the temperature.
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Figure 5.18: Impact of Schmidt number Sc on the concentration.
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Figure 5.20: Impact of suction parameter V0 on the angular momentum.
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Figure 5.21: Impact of suction parameter V0 on the induced magnetic field.
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Figure 5.22: Impact of suction parameter V0 on the temperature.
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Figure 5.24: Impact of Brownian motion parameter Nb on the concentration.
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Figure 5.26: Impact of thermophoresis parameter Nt on the angular
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5.5 Conclusion

The present chapter throws light on the impact of the induced magnetic field

coupled with microrotating particles within the composition of the nanofluids. The

basis of the study was the theoretical analysis of the flow and heat transfer using

Naiver- Stokes equations, angular momentum equation along with the Maxwell

equations of electromagnetism. The numerical scheme of Keller box is utilized to

solve the nondimesional system. The main findings of the study can be summarized

as follows.

• Hartmann number, magnetic Prandtl number and material parameter K

reduce the fluid velocity and the skin friction.

• The suction velocity enhances the heat transfer rate in the nanofluids.

• The rising values of the buoyancy ratio increase the fluid velocity and the

Nusselt number but causes a decrement in the temperature of the fluid.

• The heat transfer rate is found to increase for increasing values of the ther-

mophoresis parameter while the random motion of the nanoparticles makes

the heat transfer rate to reduce.

• Schmidt number enhancement results in shrinking of the concentration pro-

file thickness.



Chapter 6

Conclusion and Future Work

6.1 Conclusion

In the present dissertation, the flow analysis of heat and mass transfer for differ-

ent fluids is carried out. The single-phase models, that is Tiwari-Das and Buon-

giorno models are utilized for the flow analysis. Tiwari-Das model is considered in

Chapter 3 and Buongiorno model is used in Chapters 4 and 5. This work is mainly

focused on nanofluids. The effects of Lorentz forces, Joule heating and induced

magnetic field are taken into account in different chapters. Both Newtonian and

non-Newtonian nanofluids are used in Chapter 3 and Chapters 4 & 5 respectively.

Cattaneo–Christov heat flux model is analyzed in Chapter 3. Micropolar fluid

with nano-particles is taken into account in Chapters 4 and 5.

Governing PDEs are modeled for the boundary layer flow over the surface and in

the boundary layer and are then converted to nondimensional ODEs. Finite dif-

ference method (Keller box method) is employed on these ODEs for the numerical

solution. The change in velocity and thermal boundary layer is monitored for the

variation in the physical parameters emerging in the ODEs with the help of graphs.

The heat transfer in the boundary layer flow was investigated by calculating the

values of Nusselt number. Sherwood number describes the mass transfer in the

boundary layer flow. Skin friction coefficient was evaluated to find the drag force
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at the surface. Some important and outstanding findings are summarized here.

• With an increase in the magnetic parameter, the velocity is reduced but the

temperature of the system became higher.

• A rise in relaxation time parameter results in a fall in the temperature.

• For increasing volume fraction, temperature of the system decreases.

• High positive squeezing parameter values result in an increment in the ve-

locity of the fluid and the temperature. For negative values of the squeezing

parameter, the temperature and the velocity of the system both decrease.

• Brownian motion reduces the heat transfer rate and velocity of the fluid and

the concentration of the fluid is also decreased.

• With an upsurge in the values of the thermophoresis parameter, the heat

transfer rate increases and the concentration profile rises up.

• The growing Prandtl number decreases the temperature but augments the

concentration profile near the wall.

• Schmidt number reduces the concentration profile and the concentration

boundary layer thickness.

• The greater K affects positively on the velocity of the nanofluid near the

wall, which in return reduces the effects of the angular velocity. However,

as we move away from the wall, the linear velocity tends to decrease which

results an increase in the angular velocity of the nanofluid.

• In case of shear thinning fluid as we increase the value of power-law index

the temperature of the fluid decreases while the concentration is increased.

• With the growing values of the induced magnetic parameter the velocity and

the skinfriction decreased whereas the temperature increases.

• Due to increase in the value of the bouncy ratio the velocity and the Nusselt

number enhanced but the temperature of the fluid decreased.
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• Growing Eckert number enhances the temperature.

• An enhanced suction velocity results in increase in the Nusselt number of

the nanofluid due to the fact that because of the obstruction caused by the

fluid flowing into the channel.

6.2 Future Work

The work in this dissertation can be extended in many directions. A few of them

are listed below:

• Single phase nanofluid models are used in the present study, in place of

these models two phase nanofluid models like Eulerian-Eulerian, mixture

and Eulerian-Lagrangian can be used.

• Fluid models like Bird–Carreau model, Herschel–Bulkley model, Williamson

fluid model, Maxwell fluid model, Jeffery model can also be opted.

• Different set of boundary conditions like convective and slip, porous plates

can be used. Viscous dissipation, Soret and Dufour effects can also be con-

sidered.

• Water is considered as the base fluid in the present study. We can try other

base fluids like kerosene oil, engine oil and ethylene glycol, as well.

• Nano-particles like ferrous oxides, titanium oxide and carbon nano tubes can

be used in place of aluminum oxide and copper nano-particles to find their

effect on the heat transfer rate.
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